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Abstract. The spatially homogeneous Boltzmann equation with hard potentials is con- 
sidered for measure valued initial data having finite mass and energy. We prove the exis- 
tence of weak measure solutions, with and without angular cutoff on the collision kernel; 
the proof in particular makes use of an approximation argument based on the Mehler 
transform. Moment production estimates in the usual form and in the exponential form 
are obtained for these solutions. Finally for the Grad angular cutoff, we also establish 
uniqueness and strong stability estimate on these solutions. 



Mathematics Subject Classification (2000): 35Q Equations of mathematical physics 
and other areas of application [See also 35J05, 35J10, 35K05, 35L05], 76P05 Rarefied gas 
flows, Bohzmann equation [See also 82B40, 82C40, 82D05]. 

Keywords: Boltzmann equation; spatially homogeneous; hard potentials; hard spheres; 
long-range interactions; measure solution; moment estimate; moment production; expo- 
nential moment; stability estimate; Mehler transform. 



Contents 

1. Introduction E 

2. Regularity estimates on the collision operator 11 

3. Moment estimates on the collision operator 16 

4. Construction of weak measure solutions: Proof of Theorem 11.31 29 

5. Uniqueness and stability for angular cutoff: Proof of Theorem 11.51 40 
References 50 



1. Introduction 

In this paper we study the spatially homogeneous Boltzmann equation for hard in- 
teraction potentials with or without angular cutoff. The initial data are assumed to be 
positive Borel measures having finite moments up to order 2. Our main results are the ex- 
istence and stability of measure solutions that have polynomial and exponential moment 
production properties. 



1.1. The spatially homogeneous Boltzmann equation. 

1 
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1.1.1. The equation. Before introducing the main results, let us recall the Boltzmann 
equation for L^-solutions and basic notations. The equation for the space homogeneous 
solution takes the form 

(1.1) ^ft{v) = Q{ft,ft){v), {v,t)eR^ x{0,oo), N>2 

with some given initial data ft{v)\t=o = foi^) and Q is the collision integral defined by 

(1.2) Q{fJ){v)= [[ Biv -v,,a)(f{v')f{v:) - f{v)f{v,))dadv., 

where v, and v', v'^ stand for velocities of two particles respectively after and before 
their collision, 

\ J 2 2*2 2 

The above relation between v, f* and v', v'^ shows that the collision is elastic: 

v' + = V + , + = \v\'^ + \v^\^ . 

1.1.2. The collision kernel. The collision kernel B{z,a) under consideration is assumed 
to be a function of (|2;|, ■ a), i.e. 

(1.4) B( z, a) = B(\z\, cos e), cos^ = ^-a, G [0, vr] 

\z\ 

where {r,t) i— )■ B{r,t) is a non-negative Borel function on [0, oo) x [—1, 1] satisfying 

(1.5) VtG(— 1,1), r B{r,t) is continuous on [0, oo), 

(1.6) B{r,t) < {l + r^y/%{t), < 7 < 2. 
In this paper most of the results are concerned with the case 

(1.7) B{z,a) = \zpb{cos9), 0<7<2 

which corresponds to the so-called hard potential molecular interactions. 

The function 1 1— ?■ b{t) in fll.6l) - fll.7p has some weighted integrability. We shall consider 
several options for the assumptions on fe(-). Our strongest assumption is that b{-) as a 
function of a is integrable on the sphere which means 



P7T 

/ 6(cose)sin^-2ede < cx) 
Jo 



which is the Grad's angular cutoff. However more singular situations can be considered. 
The minimal assumption is that 6(cos 9) sin^ 9 is integrable on the sphere as a function of 
a (this corresponds physically to an angular momentum), i.e. 

b{cos9) sm^9d9 < 00 . 







In dimension = 3, it is well known that for the hard spheres model the function 
b{-) is constant, whereas for hard potential models (without angular cutoff), there is only 
weighted integrability: 

rn PIT 

/ 6(cos6') sin6'd^ = 00, / &(cos 6') sin^ 6' d6' < 00 . 
Jo Jo 
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More precisely, given an interaction potential0(r) = C r^"'^ for C > and s > 3, we 
obtain the following formula from the physics literature [11] in dimension iV = 3: 

s — 5 

Biz.a) = IzyhicosO), 7= ; 

s — 1 

b{cose)sme ^ c'e~^^^ {e^o+) 

for some constant C > 0, and hard potential interactions correspond to s > 5. 
In this paper we consider the following different assumptions: 

(HO) 0<7<2, A2:=\E^-^\ b{cos9)sm^ 9d9 < 00, 

Jo 

(HI) 0<7<2, / 6(cos^)sin^^(l + |log(sin^)|)d^ < cx), 

Jo 

PIT 

(H2) 1<7<2, / 6(cos0)sin^"2^^^^ < z/ = 2 - 2/7 G (0, 1), 

Jo 

/•TT 

7 = 2, 3j9e(l,oo) s.t. / [6(cos^)]Psin^-2^d^ < 00, 

Jo 



H3 



fH4) 



PIT 

0<7<2, Ao:=|§^-2|/ 5(cos^)sin^"2^d^ < 00. 

Jo 



Observe that (H3)|6 (H4)|b (H2)|6 (Hl)|b (HO)];,, where for instance (HS)!^ 
denotes the assumption with respect to b{-) in (H3). Note also that (H3)|b and (H4)|;, 
corresponds to the angular cutoff case (short-range interactions), whereas (HO)|b, (Hl)!^ 
and (H2)|b allow for non-locally integrable functions b{-) on the sphere, i.e. non-cutoff 
cases (long-range interactions). 

1.1.3. Dual form of the collision operator. For any n G S^""*^, let 

§^-2(n) = {a;G§^"M^-n = 0} (iV > 3) 
and in dimension = 2 let 

S''(n) = {— n"*" , n"*"} where n"*" G §^ satisfies n"*" ■ n = . 
Then for any g G L^{E>^^^) oi g > (measurable) on we have 

f g(a)da= [ sin^-^ei [ ^(cos^n + sin^w)da; ) d^ 

where do; is the Lebesgue spherical measure on S^~^(n) and in case = 2 we define 

/ g{uj)duj = g{-n^) + g{n^) . 

Let |S^-2(n)| = /g^_2(^)dw, etc. Then |S^-2(n)| = for N > 3, |§°(n)| = = 2 

for N = 2. 

By classical calculation one has 

(1.8) {Q{f,g),^):= [ Q{f,g){vMv)dv = 1 [[ LB[A^]{v,v,)f{v)g{v,)dvdv. 
where 

Aif := Aip{v, v^,v\ O = ip{v') + V2«) - - (p{v^) , 
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(1.9) LB[Aip]{v,v,) := [ B{\v -v,\,cos9)sm^~'^9 ( [ Aipduj]d9 

Jo \JsN~2(n) J 

and a = cos 6' n + sin 6* a; , n = {v — v^,)/\v — v^:\ for v 7^ f*; n = ei = (1, 0, . . . , 0) for v = v*. 

Observe that when assuming one of the assumptions (HO), (HI), (H2) (non-cutoff 
cases), the coUision operator in the dual form f ll.Sp above is well-defined thanks to the 
cancellations in the symmetric difference A(f of </? G C^(M^). Basic estimates on Aip are 
as follows (see for instance jTOl Lemma 3.2]): For all § one has 

(1.10) \Aip\<V2l max \v - v^\sme ; 

\i5i<VkP+k.p / 



:i.ir 



/ Aif did 









max \H^{^)\ ) 1 17 — p sin^ 6* 



where V(p, are gradient and Hessian matrix of ip. Consequently the Boltzmann equa- 
tion (11. ip in a weak form can be written 

(1.12) / ^{v)ft{v)dv= [ ^{v)Uv)dv+ [ {QiU,U),^)dr. 



From the estimate (11. lip it is easily seen that if < 00 (minimal assumption) then 
LB[Aip] is well-defined for all if G C^{R^). 

In fact we shall prove in Proposition 12. II (see Section [2]) that (f,f*) LB[A(p]{v,Vt:) is 
also continuous on X M^. Furthermore if 



6(cos^) sin^-^^d^ < 00 



then from the estimate (ll.lOp one sees that 

LB[\Aif\]{v,v^) = / B{v — v^,(j)\A(f\d(T < 00 
so that Lb coincides with the simpler formula 

(1.13) Lb[A^]{v,v,)= I B{v-v,,a)A^da. 

The collision integral (11.80 and the equation (I1.12p for L^-functions are naturally ex- 
tended to finite Borel measures. For every < s < cxo, let Ss(M^) = {Bs(R^), \\ ■ \\s) be 
the Banach space of real Borel measures on having finite total variations up to order 
s, i.e. 

Ms:= [ {vrdMv)<oo, {v) := (1 + \v\'y/' 

where the positive Borel measure is the total variation of fi. In particular \\fi\\ = 
||/i||o = |/i|(M^) is simply the total variation of /i. Let 

Bt{R^) = {fie i3.(M^) I /i > 0} . 

In accordance with (II. 8p we now define for every /i, G i3s(M^) and every suitable smooth 
function ip 

(1.14) {Q(ii,p),<f):=lll LB[A^]{v,v,)dfi{v)du{v,) . 
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Our test function space for defining measure weak solutions is chosen C^(]R^), where 



Finally by analogy with i3s(]R^) we introduce the class Lf°^(R^) of locally bounded Borel 
functions such that 



1.2. Previous results and references. Let us give a short (and non-exhaustive) overview 
of the main previous results and references related to the subject of this paper. 

1.2.1. Cauchy theory for the spatially homogeneous Boltzmann equation for hard potentials 
with cutoff. The first rigorous mathematical result is due to Carleman [S], H] who proved 
existence and uniqueness of solutions in L} fl L°° with pointwise moment bounds, for hard 
spheres interactions. A general Cauchy theory was later developed by Arkeryd [U E] who 
proved existence and uniqueness of solutions in L} fl LlogL with L} moment bounds. 
More recently optimal results were obtained by Mischler and Wennberg [23] (see also Lu 
|20j). and we refer to the references therein for a more extensive bibliography. 

1.2.2. Cauchy theory for the spatially homogeneous Boltzmann equation for hard potentials 
without cutoff. This theory is much more recent, and not complete at now. As far as 
existence of solutions is concerned let us mention the seminal works of Villani [28] and 
then Alexandre and Villani [2]. As far as uniqueness of solutions is concerned (in the 
general far from equilibrium regime), let us mention the works [271 IISl [13 IIS] based on 
Wasserstein metrics and probabilistic tools, and the work [13] based on a priori estimates. 
Finally let us mention the related recent works in the perturbative close-to- equilibrium 
regime (but without assuming spatial homogeneity) of Gressman and Strain [TH] on the 
one hand, and Alexandre, Morimoto, Ukai, Xu, Yang [T] on other hand. 

1.2.3. Polynomial moment bounds. The first seminal result of the propagation of poly- 
nomial moments that exists initially for "variable hard spheres" (hard potentials with 
angular cutoff) is due to Elmroth [T3] and makes use of so-called "Povzner's inequalities" 
|25j . Then Desvillettes [12] proved, for the same model, the appearance of any polynomial 
as soon as a moment of order strictly higher than 2 exists initially (see also P2])- Finally 
optimal results were obtained in [23] again. 

1.2.4. Exponential moment bounds. The first seminal result of propagation of moments 
of exponential form is due to Bobylev [B], still in the case of short-ranged interactions. 
Significant improvements of these results were later obtained in [7]. Let us also mention 
the related result of propagation of pointwise Maxwellian bound in [IB]. Inspired by the 
same techniques, the appearance of exponential moments was first obtained by the second 
author together with Mischler in [221 121] , see also the recent work [3] . 




\m 



sup \^p{v)\{v) < oo 



and we define 
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1.3. Definitions of measure solutions. Let us start with a notion of measure weak 
solutions, where the time evolution is defined in the integral sense. 



Definition 1.1 (Measure weak solutions). Let B{z, a) be given by fll.4p - fll.5p -f ll.6p with 7 
and b{-) satisfying (HO). Let Fq G B^(R^) and {Ft}t>o C B^{R^). We say that {Ft}t>o, 
or simply Fj, is a measure weak solution of Eq. (II. ip associated with the initial datum 
Fq, if it satisfies the following (i)-(ii): 



(i) sup ||Fj||2 < 00 . 

t>0 

(ii) For every G C^C^^), 
\LB[A^]{v,v^)\dFt{v)dFt{v^) < 00 , Vt > 

t ^ {Q{Ft, Ft), belongs to C((0, 00)) n ^^,,([0, 00)) 

y^{v)dFt{v)= [ ^{v)dFo{v)+ [ {Q{Fr,Fr),^)dr Vt > 



JR" JO 

Moreover a measure weak solution Ft is called a conservative solution if it conserves 
the mass, momentum and energy, i.e. 

V I dFt{v) = I \ V I dFo{v) Vt > 0. 



\v 



2 




Note that every measure weak solution conserves the mass because the constant if = 1 
belongs to C^(M^) and Aip = 0. The conservations of the momentum and energy are 
formally true since one also has Aip = for if = vj, j = 1,2, N and if = but 
these ip do not belong to C^(M^). In fact under the assumption (HI), one can follow the 
same argument in [2T] to construct a weak solution of Eq. (11. ip such that the energy is 
increasing. 

Now let us consider a stronger notion of measure strong solutions under the angular 
cutoff assumption (H4). Let B{z,a) be given by fll.4p - (ll.5p -f ll.6p with b{-) satisfying 
Af) < 00. Then we can define bilinear operators (see Proposition 12.31 below) 

g± : S.+^(M^) X i3,+^(M^) ^ i3,(M^) {s > 0) 

and 

(1.15) Q{fi,u):=Q+{fi,iy)-Q-{fi,iy) 
through Riesz's representation theorem by 

(1.16) / ijiv)dQ+{fx,u)iv) = [[ LBMv,v,)dfx{v)diyiv,), 



(1.17) / ijiv)dQ-iii,iy){v)= A{v - v,)ij{v)dfiiv)diy{iu) 
for all G L~ n C(M^), where 

(1.18) LB[i^]{v,v,)= [ B{v-v„a)ij{v')da, A{z) = f B{z,a)d(j 
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and recall that n = {v — — f*| in b{n ■ a) is replaced by a fixed unit vector ei for 

V = V*. 

Recall that the norm WnWs of /i G i3s(M^) (s > 0) can be estimated in terms of compactly 
smooth test functions: For all A; > 



1^1.19) = sup 



We are now ready for stating the definition of measure strong solutions, for which some 
time-differentiability is assumed in total variation topology. 

Definition 1.2 (Measure strong solutions). Let B{z, a) be given by fll.4l) - fll.5p - fll.6l) with 
7 and h{-) satisfying (H4). Let Fq G i3^(M^) and {Ft]t>o C i3^(M^). We say that Ft is 
a measure strong solution of Eq. fll.ip associated with the initial datum Ft\t=Q = Fq, if 
it satisfies the following (i)-(ii): 

(i) sup ||Fi||2 < oo . 

(ii) t^Fte C([0, oo); S2(K^)) n C\[0, oo); i3o(M^)) and 

(1.20) ^F = Q{Ft,Ft), te[0,oo). 

at 

Note that from ( 12381) -f l239ll - ( 12:201) in Proposition E3] the strong continuity of 

t^ FteC{[0,oo);B2{m'')) 

implies the strong continuity t Q{Ft,Ft) G C{[0, oo); Bo{R^)), so that the differential 
equation ( ll.20p is equivalent to the integral equation 

(1.21) Ft = Fo+ [ Q{F„F,)ds, t>0 



where the integral is taken in the Riemann sense or generally in the Bochner sense. Recall 
also that here the derivative ^/if and integral utdt as measures are defined by 



/ i^,dt\ (E) = ! v,(E)dt 

J a / J a 



for all Borel sets E dM.^ . 

Note also that if a strong measure solution Ft is absolutely continuous with respect to 
the Lebesgue measure for all t > 0, i.e. dFt{v) = ft{v)dv, then it is easily seen that ft 
(after modification on a w-nuU set) is a mild solution of Eq. ( II. ip . That is, {t,v) i— )■ ft{v) 
is nonnegative and Lebesgue measurable on [0, oo) x and for every t > 0, v ft{v) 
belongs to L2(M^), sup(>Q < oo, and there is a Lebesgue null set Zq C (which 

is independent of t) such that 

f Q^UrJr){v)dr<oo VtG[0,oo), Vt;GM^\Zo 
Jo 



Here 



Mv) = fo{v) + f Q{frJr){v)dT , VtG[0,Oo), \/ V & R"" \ Zq . 

Jo 

^KK^) = (/eLi(M^)|||/|Ui:= / \f{v)\{vrdv<oo] , s>0. 
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From classical measure theory [261 Theorem 6.13, page 149]: if dfi{v) = f{v)dv for / G 
Lj(M^), then d|/i|(w) = \f{v)\dv and hence = 

For any positive measure fi G i3^(M^) we finally introduce the following continuous 
function r i-> ^E'^(r) on [0, oo): 

(1.22) *^(r) =r + ri/3+ / \v\'^dn{v) , r>0 with *^(0) = 
which quantifies the localization of the energy of /i. 

1.4. Main results. Our first main result is the following 

Theorem 1.3 (Existence of solutions and moment production estimates without cutoff). 
Suppose that B{z,a) = |2;|'^6(cos 6*) satisfies (HI). Given any initial datum Fq G S^(M^) 
with II -Folio 7^ 0, we have 

(a) The Eq. (11. ip always has a conservative measure weak solution Ft satisfying Ft\t=Q = 

(b) Let Ft be a measure weak solution of Eq. (II. ip associated with the initial datum 
Fq satisfying 

(1.23) ||i^t||2 < lli^olh Vt>0; sup ||Ft||, < oo Vto>0, Vs>2. 

t>ta 

Then Ft is conservative, i.e. Ft conserves the mass, momentum, and energy. 

(c) The Eq. (II. ip always has a conservative measure weak solution Ft with Ft\t=o = Fq 
which satisfies the following moment production estimate: 

s-2 



:i.24) IIF^II, < /C,(Fo) ( 1 + - ) Vt>0, Vs>2 



3-2 

,+7ll^0||2/- 1 



where 

(1.25) ^^(^o) = ||Fo|h(2^+^^(l + 

V IIFollo V I6IIF0II2A27 

(d) If in addition either < 7 < 1 or one of the assumptions (H2), (H3) is satisfied, 
then every solution Ft in part (c) (or generally in part (h)) satisfies a moment 
production estimate of exponential form: 

(1.26) / e"(*)<''>"dFt(tO < 2||Fo||o Vt>0, 
where 

ait) = 2-^" 1^(1 - e-^*) , (3 = I6IIF0II2A27 > 

||-ro||2 

and 1 < So < 00 depends only on b{-) and 7. 

It is possible to deduce from the previous theorem some more conventional moment 
estimates in exponential form where the constant in the argument of the exponential 
moment remains time-dependent: 
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Corollary 1.4. Under the same assumptions on B{z,a) and the initial datum Fq in 
Theorem \1.3[ there exists a conservative measure weak solution Ft of Eq. (11 .ip such that 
for any < s < 7 and any c > 

[ e'^"^' dFtiv) < (e°^(*) + 2) ||Fo||o Vt > 
Jm 

where 

as{t) = c 



a{t) 



Proof of Corollary l.^^. The proof of this Corollary is quite short and we can present it 
here. As a consequence of Theorem 11.31 there exists a conservative measure weak solution 
Ft of Eq. fll.ip such that Ft satisfies fll.26p . For any t > 0, by definition of as{t) and 
< s < 7 we have 

•7—5 

c{vY>a,{t) =^ ^<'')' = (^) ^ «w(^r<«w(^r- 

Thus 



e^<">'dFt(i;) = / e^<">^dFt(t;) + / e^<">'dFt(i;) 

J{c{vY<as(t)} J{c(vy>as{t)} 

< e"^W||Fo||o+ / e"(*)<''>^dFt(t;) < e"=(*)||Fo||o + 2||Fo||o. 



□ 



Our second main result of this paper is 

Theorem 1.5 (Uniqueness and stability estimates for locally integrable b{-)). Let B{z, a) = 
|;z|'^6(cos 6*) satisfy (H4). Given any initial datum Fq G SJ(M^) with ||-fo||o 7^ 0, we have 

(a) Every conservative measure weak solution of Eq. (II. ip is a strong solution, while 
every measure strong solution of Eq. (II. ip is a measure weak solution. 

(b) Let Ft be a measure strong solution of Eq. (11.11) with the initial datum Fq satisfying 
II -^i II 2 ^ 11-^0 II 2 for all t > 0. Then Ft in fact conserves the mass, momentum and 
energy. 

(c) There exists a unique conservative measure strong solution Ft of Eq. (II. ip such that 
Ft\t=o = Fq. Therefore Ft satisfies the moment production estimates in Theorem 

o. 

(d) Let Ft be the unique conservative measure strong solutions of Eq. (II. ip with the 
initial datum Fq and let Gt be a conservative measure strong solutions of Eq. (II. ip 
on the time interval [r, 00) with an initial datum Gt\t=T = G^ & i3^(M^) for some 
r > 0. Then: 

— If T = 0, then 

(1.27) \\Ft - Gth < ^Fo{\\Fq - Go||2)e^(^+*\ t > 

where "^Fq is given by (ll.22p . G = 7^(7, Aq, ||-Fo||o, H-folh) is an explicit 
positive continuous function on (M>o)^. 
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- // r > 0, then 

(1.28) \\Ft - Gth < \\Fr - Gr\\2e''-^'-^\ t e [r, oo) 

where Cr = 4ylo(/C2+7(-^o) + ||-^o||2)(l + 7); ^2+7(-^o) is given in U.25\) with 
s = 2 + 7. 

(e) If Fq is absolutely continuous with respect to the Lebesgue measure, i.e. dFo(f) = 
fo{v)dv with < /o G Ll{R^), then the unique conservative measure strong solu- 
tion Ft with the initial datum Fq is also absolutely continuous with respect to the 
Lebesgue measure: dFt{v) = ft{v)dv for allt > 0, and ft is the unique conservative 
mild solution of Eq. f ll.ip with the initial datum /q. 

(f) // Fq is not a Dirac mass and let Ft be the unique measure strong solution of 
Eq. (11 .ip with the initial datum Fq, then there is a sequence {/"} of conservative 
L} -solutions of Eq. (II. ip with initial data < fQ ^ L2(]R^) satisfying 

(1.29) / I V ]f^{v)dv=[ f V ]dFQ{v), n = l,2,... 
such that 

(1.30) lim / ^{v)fl'{v)dv = I ip{v)dFt{v) V(/7 G ^(M^), Vt>0. 

Remark 1.6. The trivial case || -Folio = 0, i.e. Fq = 0, is excluded from the above theorems 
since Fq = implies that Ft = is the unique conservative measure solution of Eq. (II. ip . 

Remark 1.7. An application of the estimate (I1.28P for solutions with different initial times 
will be seen in our next paper concerning the rate of convergence to equilibrium. 

Remark 1.8. In the second part of this work we shall prove the exponential convergence 
to equilibrium (for bounded angular function b{-)): \\Ft — M\\q < Ce~'^* where M is the 
Maxwellian (Gaussian) with the same mass, momentum and energy as Fq (assuming that 
Fq is not a single Dirac mass and ||-Fo||o 7^ 0), C, c > are constants depending only on 
A^, 6(-), 7 and the mass, momentum and energy of Fq. This result will allow us to improve 
the stability estimate (I1.27P to be uniform in time: 

sup\\Ft-Gt\\2 < ^Fodl^o-Golh) 

t>0 

for some explicit continuous function ^^^^^(r) on [0, 00) satisfying \l/i7',j(0) = 0. 

1.5. Strategy and plan of the paper. We shall first in Section [2] prove some continuity 
and Lipschitz estimates on the collision operator Q in (weighted) total variation topology. 
In Section [3] we shall prove moment estimates, first on the kernel Lb and then on the 
collision operator Q, plus several technical lemmas on fractional binomial expansions, on 
the beta function and on some ODE estimates. After these two sections which remain 
purely at the level of functional inequalities, we shall start considering the time evolution 
problem and tackle the proof of the first main Theorem 11.31 in Section HI the main step in 
the construction of weak measure solutions is based on an approximation argument with 
the help of the Mehler transform, and the moment estimates on the solutions will be proved 
with the help of the functional results in the previous section. Finally in Section \5\ we 
shall prove the second main Theorem 11.51 by carefully revisiting the uniqueness estimates 
known for functions in the case of measures. 
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2. Regularity estimates on the collision operator 

We shall prove in this section some continuity and Lipschitz estimates on the collision 
operator in the (weighted) total variation topology. It will be useful for defining measure 
weak solutions of Eq. fll.ip as we mentioned in Section [H but also for proving weak con- 
vergence of approximate solutions, which leads to the existence of measure weak solutions. 
We start with a preliminary useful representation of the collision velocities. 

2.1. Representations of (f')^, {v'^)"^. We first begin this section with a preliminary tech- 
nical computation. 

For any f , f * G M^, let us define 

h = 7 *— for + f * 7^ ; h = ei = (1, 0, 0) for v + = Q 

\v + v^\ 

and recall that n = (f — — f*| when v ^ v^, and n = ei else. By (11.31) we have 

:= 1 + = - l'' + "-^"- "-l (h.a) . 

Let us also define the unit vector 
h — (h ■ n)n 

Vl-(h-n)2 

Then with the change of variables cr = cos6'n + sin 6* a; , u G S^~^(n), we have 



(2.1) 



for |h ■ n| < 1 and j = ei for |h ■ n| = 1 . 



h ■ (T = (h ■ n) cos 9 + ^1 — (h ■ n)^ sin 9 u) , u E 



n 



(2.2) 



so that we get another representation: 

{vY = {vf cos' 9/2 + {v.f sin' 9/2 + ^Kf - (f ■ f*)' sin 9 {y u) 
«)' = {vf sin' 9/2 + (t;,)' cos' 9/2 - ^\v\^\v,\'^ - [vv^f sin 9 {y u) . 
2.2. Continuity estimate on the collision operator. 

Proposition 2.1 (Continuity of the collision operator). Let B{z,a) be given by (11. 4p - 
([I3])-([II6]) withh{-) satisfying (HO). Then 

(I) The function (t",!"*) ^ Lb[^^]{v,v^) is continuous on x for all (p G 
C"(M^). 

(II) Let Bn{z,a) = -B„(|2;|, cos^) satisfy (11. 5p and 

(2.3) Bn{r,t) B{r,t) (n ^ oo) V (r, t) G [0, cx)) x (-1, 1). 
Then for any (p G C'(]R^) and any < R < oo 

(2.4) sup \LBjAip]{v,v^) - Lb[A(p]{v,v^)\ ^ (n ^ oo). 

\v\ + \v,\<R 

Moreover let ipn G C'(]R^) satisfy 

(2.5) lim (fniv) = if{v) Vt; G ; sup sup V |9"(/?„(t;)| < oo Vi? < oo . 
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Then 

(2.6) LB,AAipn]{v,v,) ^ LB[Aip]{v,v,) (n -> oo) ^ {v,v,) e x 
Proof of Proposition \2.1\ Let us write 

(2.7) LB[Aip]{v,v,)= B{\v-v,lcose)sm^ eL[Aip]{v,v,,e)de 

Jo 

where 

L[A(p]{v,v,,9) = 



L[A(p]{v,v^,9) = -\- [ A^du, 0<e<7i. 
Recalhng (II. lip we have 



(2.8) sup \L[A^]{v,v„9)\<\S^^^\[ max \HJO\]\v-v,\^. 

Part (I). For any < i? < oo, consider decomposition 

B{z, a) = B{z, a)AR+ {B{z, a) - i?)+ 
where x Ay = min{x, y}, {x — y)^ = max{x — y, 0}. We have 

Lb[A(p]{v,v^) = LBAB.[^'^]iv,V^) + L(^B~R)+[^'^]iv,V^), 

Lbar[^^]{v,v^) = / [B{v -v„a) AR]A(pda. 

Fix any {vo,v^o) e R^ x R^ . Applying (^l^i-I^M) to L(^b-r)+[^v] and recalling the 
assumption (11. 6p we have 

sup \L^B^R)+[A^]{v,v,)\ <C^ [ (c^b{cos9) - i?)^sin^^d^ =: I^,^{R) 

where C^, are finite constants depending only on yj, 7, wq, ^*o- Therefore 

(2.9) \Lb\Alp\{v,v,) - LB\Aip\{vQ,v,Q)\ 

< |LBAi?,[A(/?](t;,t;J - LBAB\^^]ivo,v^Q) \ + I^^^iR) \f\v- WqP + 1^* - ^^*oP < 1- 

Let {A(p)o = (p{vo') + ip{v^) - (p{vo) - (p{v^q). Applying ([221) to Lbar[^<p] and using the 
assumption (ll.Sp we have 

\LBAR[^v]iv,v^) - LBAi?.[A(p](t;o,^'*o)l 

<C^|§^-^| / B{\v-v,\,cos9) AR- B{\vo-v,o\,cos9) AR sm^-^9d9 
Jo 

+R / A(/9 - (A(/))o dcr -> as {v,v^) ^ {vq,v^q). 

Also by assumption b{cos9) sin'^ 9 d9 < 00 we have /^^^^(i?) — > as i? — +00. Thus 
from (12.91) . by first letting (f,f*) ("^0,^*0) and then letting R — > +00, we obtain 

limsup \LB[Aip]{v,v^) - Lb[A(p]{vo,v^o)\ =0. 
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Part (II). By assumption fl2.3p and (11. 6p we have 

Bn{r, cos 9) < Bn+i{r,cos9) < B{r,cos9) < {1 + r^y ^%{cos 9) 
which together with fll.Sp imphes that the functions 

BrXr,cos9)sm^ 9d9, B{r, cos 9) sin^ 9 d9 

Jo Jo 

are all continuous on [0, oo). Thus by first using (12. 3p and dominated convergence and 
then using Dini's theorem we conclude that for any < i? < oo 

J (^B{r,cos9) — Bn{r,cos9)^ sin^6'd0 — )■ (n — )■ 0) uniformly in r G [0,i?]. 

Therefore applying (l2.7p -f l2?S]) to Lb-_b„[A(/?] we have, for any < i? < oo, 

sup \LB[Aip]{v,v^) - LbJA(p]{v,v^)\ = sup \LB-Bn[A(p]{v,v^)\ 

\v\ + \v4<R \v\ + \'"*\<R 

<C^,KSup / (i?(r,cose) -i?„(r, cos ^)) sin^^d^ ^ [n — )■ oo 

r€[0,R] Jo ^ ' 

where C^_r, = sup \H^{^\^. 

Finally for any G x M^, using (I2.5p and denoting r = |t; — we have by 

dominated convergence that 

\Lb\A^\{v,v^) - LB„[Av9„](t;,i;,)| < \Lb\A{^ - ^n)\{v,v^)\ + |Lb_b„[Av9„](i;, 

/'TT 

< / B{r, cos9)sm^ 9 \L\A[^- ^,:)\{y,v,,9)\d9 
Jo 

+ C {B{r,cos9) ~ Bnir,cos9))sm^ 9d9 — ^0 {n ^ oo) 
Jo 

which concludes the proof. □ 

2.3. A continuity estimate for product measures. We shall now prove a continuity 
property for product measures which will prove useful for the construction of weak measure 
solutions. 

Proposition 2.2 (A continuity property of product measures). LetO < Sj < oo, C 
, f^j e satisfy 

(2.10) sup||/x^"||,^. <oo, J = l,2,...,/c; 

n>l 

(2.11) lim / (^jd/i"= / ifijdfXj, \/ipj EC^iR^'] 
Then 



j = l,2,...,A;. 



(2.12) /i, ei3+.(M^0, <liminf ll/ijll,^., j = l,2,...,fc. 



Moreover zf^n,^ e C{R^^ x M^^ x ■ • ■ x R^^) satisfy 

(2.13) lim sup ^f"^^^^ = , lim sup |^„(x) - *(x)| = 
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for all < R < oo, where x = {xi,X2, ■ ■ ■ , Xk) € 11^^=1 , then 



(2.14) lim / ^„d(/i^®^^' 



® ■ ■ ■ ® /^fc) 



\E'd(/ii ® /i2 ® ■ ■ ■ ® /ifc) • 



Proof of Proposition \2.2[ First f l2.12p easily follows from Fatou's Lemma. Let us prove 
fimj) . Let 

M = sup{||/i^||,, , ... 

n>l 

By assumption on \E^„, for any e > there exist -R > 1, > 1 such that 



(2.15) 



|^„(x)| , |^(x)| <£5];(a;,r^ V|x|>i?, Vn > r 
|*„(x) -$(x)| <e, V|x|<2A;i?, \/n>n,. 



(2.16) 

On the other hand, by polynomial approximation, there exists a polynomial -P(x) such 
that 

(2.17) |^(x) -P(x)| <e V|x|<2A;i?. 

Choose xf e C;?«(M^O satisfying < xf{xj) < 1 on R^^ and xf{xj) = 1 for < i? 
and xfi^j) = for \xj\ > 2R. If we write -P(x) = J2JLi Y['j=i ^iji^j) where m E N and 
Pij{xj) are polynomials in Xj, then 

k m k 

nx)nxf(x,)=5^n^M(^^) 

where ipij{xj) = Pij{xj)xf{xj). Then consider the decomposition: 

rfc 



f <I/ndiy^ - [ ^>du= I ^„ (l - n' xf) dy 

>/n-=iiR'^^' JYi^^^M.^'j in.tiK"^^' ^ ^ 

+ / (vi>„ - vi>) rr' yfdv- + [ (vi> _ p)Tf ^fdu^ 

m k „ m k „ 



-^ri,l + In,2 + -^r!.,3 + -^n,4 + ^5 + -^6- 



Since 1 - 11^=1 xf' 



for all |x| < R, and nJ=iXf (a^i) = for all |x| > 2kR, it 



follows from fl2J[5D - ( 127761) - fl2T71l that for all n > 



14,1 1 + \h\ <2e [ V(xj)'Mz/" < 2ekM^ 



\In,2\ + |/n,3| + \h\ < ^6 



dz/" + £ 



x|<2fc_R 



\x\<2kR 
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For J„ 4, since (pij G C^(R^^), it follows from the assumption of the lemma that 



1=1 

Therefore 



lim sup 



n ■=! k"^^ -'nil ir'^^' 



This proves fl2.14p by letting e 0+. □ 

2.4. Weighted Lipschitz regularity of the collision operator. Let us prove some 
(weighted) Lipschitz properties on the collision operator acting on Borel measures, in the 
(weighted) total variation topology. 

Proposition 2.3 (A weighted Lipschitz property on the collision operator). Let B{z,a) 
be given by flL4p - flL5p - 01.61) with b{-) satisfying (H4). Then 

: i3,+^(M^) X Bs+jiM^) -> Bs{M^) {s > 0) 

are bounded and 

(2.18) ||Q±(/i, u)l < 2(^+T)/Mo (||/i||.+^||i^||o + ||/^l|o||^^||s+^) , 

(2.19) 

||Q^(/i, 1^) - g^(z/, z/)||^ < 2(^+^)/Mo (ll/i + iy\\s+-y\\fi - i^Wo + ll/i + i^lloll/i - ^^11^+7) 
anc? hence 

(2.20) ||g(^, /i) - g(z/, z/)||o < 2i+(^+^)/2^o (llyt^ + i^lUy - i^llo + y + ^^lloll/t^ - ^^ll^) • 
Finally for all G Bj{R^) and all ip G C|(M^), i/iere /ioWs 

(2.21) (g(/i,/i), <^)= / </^dg(/i,/i) 

where the left-hand side of (12.211) is defined in f ll.l4p . 
Proof of Proposition \2.3i By elementary inequalities 

and the assumption on B we have for any >p G Cc(M^) with ||</?||l^^ < 1 

|y.(t;')|5(t;-t;„a) < (v'Y (l + |t; - t;,^)^/' 6(cos ^) < 2(^+^)/2(^^^.+7 + ^^^^.+7)5(^03 ^) 
and hence 

[|(^|] (t;,t;,)d(|/x| ® |i^|) < A^l^'^^^l'^ (||/x||,+^||z/||o + ||/i||o||z/||.+7) , 



A[v - v,)\^{v)\^{\ix\ ® \v\) < Ao2(^+^)/2 (||^||^^^||zy||o + ||^||o||z.||,+^) . 

These imply (I2.18p . The inequality (I2.19P follows from (I2.18P and the following identities: 

1 1 
g^(/i,/i) - g^(i^, u) = -Q^ifi + u, - u) + -Q^ifi - u, + u) . 
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Next recall B{v — v^, a) = B{\v — jfE^ ' '^)- By changing variables cr — )• —a, v o 
and using Fubini's theorem we have 

JrN Z JJ^Ny^^N \ JgN-1 \ / / 

A similar symmetry for J^j^ (pdQ~ {ft, ^) is obvious. The difference of the two is equal to 
(g(/x,/i),V9). This proves ([MI]). □ 

3. Moment estimates on the collision operator 

In this section we shall prove several inequalities on the moments of the collision op- 
erator which will be useful for the moment estimates of the weak measure solutions we 
shall construct. 

3.1. Analytical toolbox. Let us first collect and prove some useful analytical results. 

Lemma 3.1 (Fractional binomial expansion). Let p > 1 and kp = [{p + l)/2] the integer 
part of {p + l)/2. Then for all x,y >0 

k=0 ^ k=0 ^ ^ 

where 

p \ _p{p-l)---{p-k + l) ^ > ^ . f P 



k J k\ ' - ^' 1^ 

Proof of Lemma \3.1\ We refer to |71 Lemma 2] for the proof. □ 

Let p > 1 and n G {1, 2, . . . , [p]}. Then using Taylor's formula for the function x H- 
{1 + xY one has 



fc=0 

In particular 



( ^ ) a;'^ < (1 + x)^' Vx>0, 



k=0 



(3.1) E( n - 2'' i<^<p 



Let r(x),B(x,?/) be the gamma and beta functions: 

POO p1 

T{x)= t^-^e-Mt, x>0; B{x,y) = f'-^l - ty-^dt , x,y>0. 
Jo Jo 

It is well known that 

(3.2) T{x)T{y) = T{x + y)B{x,y), Vx,2/>0. 

Other relations that we shall also use are: For any integer k > 1 and for any real number 
p > k we have 

^33) (P]= ^(^ + ^) 

^ • ^ \k J Tip-k + l)T{k + l)' 

And 

(3.4) B{x + l,y) + B{x,y+l) = B{x,y), x,y>0. 
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Lemma 3.2 (A stationary phase result). Let < a, R < oo, g G C{[0,R]) and S G 
C\[0,R]) such that 

^(0) = 0, S'{x)<0 VxG[0,i?). 
Then for any X> 1 we have 

"''x"-i^(x)e^^(^)dx = T{a) (^r^Y (^?(0) + o(l)) 



where o(l) —t- as A oo. 



Proof of Lemma \3.S[ This is classical stationary phase type of analysis, we omit the proof 
for the sake of conciseness of this paper. □ 

Lemma 3.3 (An estimate on the beta function). Let p >3 and kp = [{p + l)/2]. Then 

(3.5) ^(^^ jB(A;,p-fc)<41ogp. 

More generally for any a > 1 we have 
(3.6) 



Y,(l)B{ak,a{p-k))<Ca{ap) 
k=i ^ ^ 



l-a 



kp 1 y \ 

(3.7) J2i^k^ ]Bia{k + l),aip-k-l))<Caiap)-'' 

h—n ^ / 



k=0 

where < < oo only depends on a. 
Proof of Lemma \3.3[ Since p > 3 we have 



kp , , kp kp kp 



p. 



Now suppose a > 1. Let 

k 



k=l 

where 

kp-l 



I — 1 \ / 



a{p-k)), Ia{p,kp)={ ^ ]B{akp,a{p- kp)). 



For the first term laip) we use the symmetry (w.r.t x = 1/2) and Lemma [3.11 to get 

kp-l , 



1 


x[ 


;i - 


x) 




1 






(1- 


x) 




1 




x{ 




x) 



"1/2 , , , , „ . 

x'^P- (l-x)'^p|da;. 
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Omitting the negative term — x"^ we have 

(x" + (1 - xyy - - (1 - xfp < pi.x" + (1 - xfy-^x" 

so that 



where gi{x) = (1 - + (1 - x)")"^ and S{x) = log(x" + (1 -x)"), x e [0, 1/2]. Since 
^i(O) = 1,^(0) = and 

afx"-^ - (1 - x^-A 

5'(0) = -a, ^^0;)= ^ < ^ VxG [0,1/2) 

+ (1 — X)"- 

(because a > 1) it follows from Lemma [3.21 that for all p > 3 

1 \ " 



/a(p) < apr(a) ( — ) = Caiap) 



For the second term Ia{p, kp) we use Stirling's formula 

r(x) = (^j"^ ' r(x + 1) = xr(x) = (^y V2^e^ , x>i 

{0 < 9.J. < 1) to compute 

r(p+l) r(aA:p)r(a(p - A;^)) 



(3.8) Ia{p,kp 



T{kp+l)T{p-kp + l) T{ap) 



ap\p) \ P J \kp)\p-kp) "ap V2/ 

Here in the last inequality we used the simple estimates 

2 2 

for p > 3. This proves (13. 6p because a > 1. 

In order to prove (13.71) we consider again a decomposition 

kp 1 , V 

J2[^k'^ )BHk + l),a{p-k-l)) = .Up) + Jaip.kp) 

where for the first term Ja{p) we use that kp — 2= [(p — l)/2] — 1 = kp^2 — 1 and Lemma 
lOto get 

Up) if ( ^ ^ M U<k + 1), a(p - - 1)) 

fc=0 ^ ^ 

= iy x'^-^(l -x)"-^ ^ j (^x"^(l -x)'^(^'-2-^) +x"(P~2-'=)(l -x)'^'=)dx 



fc=0 

1 / \ p-2 

<-y x"-^(l -x)"-^(^x'^ + (1 -x)'^j dx = y x"-^^2(a;)e^'^(^Mx 
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with g2{x) = (1 — + (1 — x)*^)"^. Since a > 1, it follows from Lemma [3.21 that 



1 

ap 



a 



Ja{p) < Ca 

For the second term Ja{p, kp) we use (13. 8p to get 



(a-l)p 



Since a > 1, this proves the lemma. □ 
3.2. An estimate of the angular cutoff reminder. 

Lemma 3.4. Suppose b{-) satisfies the assumption (HO). For all p > 3 we define 

(3.9) £p:= — |§^-2|y M dt U(cos^)sin^ede (< 1) . 

Then £p — (p — )■ oo). Furthermore, if either < 7 < 1 or (H2) is satisfied, then 

(3.10) p2-^/%^0 (p^oo). 



Proof of Lemma \3.4\ Under the assumption (HO), the convergence — )■ (p — ?■ 00) is 



obvious and hence (13.101) holds for < 7 < 1. Suppose (H2) is satisfied, which means 
that z/ = 2 - 2/7 e (0, 1) and ^ ^ 6(cos 9) sin^-^^ 6 is integrable on [0, vr]. For all p > 3 
we have 

(3.11) p%<C^"|^'(^(j9-2)^ty (^l-^^y 'dt|Kcos^)sin^-2.^^^ 

where C depends only on N, A2 and u. Applying elementary estimates 

< (Ax)^(l -x)^ < 1, (Ax)^(l -x)^ ^ (A ^00) Vxg[0,1] 

to A = p — 2 and x = ^i^t we conclude from (13. lip and the dominated convergence 
theorem that p^Ep — > (p — )■ 00). □ 

Remark 3.5. It is easily calculated that if the assumption (H4) is satisfied, i.e. if Aq < 00, 
then ep<^^ for all p > 3, so that in case < 7 < 2 we have ^2-2/7^^ < l|lopi-2/7 _ 

3.3. Moment estimates on the kernel Lb- In this subsection we shall prove moment 
estimates on the kernel as defined in (II. 9p . 

Lemma 3.6. Let B[z,a) = |2;|'''6(cos6'). 
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(I) Under the assumption (HO) we have for all p > 3 
(3.12) LB[A{-fP]{v,v,) 



k 
k 

k=l ^ ^ 

fc —1 

+2p{p-l)A,e,J2(^k^ ) ((^)'^'^'^^^(^*)'^'"'"'^ + (^')'^'"'"'^^"(^*)'^'^'^) 
fe=o ^ ^ 



fc=0 

(II) Under the assumption (H3) which is rewritten in the form 

(3.13) 7 = 2, l<pi<oo, := / y [6(cos ^)f ^ sin^"^ ^ d^j < oo 
and /et 

(3.14) ^1 = ^' ^=^- 

Pi - 1 2gi 

Then 

(3.15) LB[A(-)2*'](t;,t;^^ 



19 4* / \ / \ 

^ fc=i ^ ^ 



12A;^ 

^ k=i 



/or anp> {l2AlJA,f'\ 
Proof of Lemma \3.6[ 
Part (I) Let us write 

/•TT 

Lb[A{-)^p]{v,v,) = \v-v,\^\S^-^\ / 6(cos^)sin^^Lp(t;,t;„^)d^ 



with 
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We first prove that 



(3.16) L,iv,v,,e)<-^(^{v)'^+{v.fp) 



+2p{p-l) t(l-——t) dt 

k —1 



fc=0 

To do this we denote the shorthand 



E{e) = {v)^ cos' 9/2 + {v,)^ sin' 9/2, h= ^/\v\^\v,\^ - {v,v,y . 

Then by (Q 

{v')^ = E{9) + hsm9{j-u), = E{tx - 9) - h sin^ (j ■ u) . 

By Taylor's formula we have 

[E{9)±hs\Yi9{yuj)y = (^E{9)y ± q(^E{9)y \ sin^(j -cu) 

+p{p-l) {l-t)(^E{9)±thsm9{j,uj)y ^ dt{h sm9 {},u)f . 

Look at the last term: We have for all ^ G (0, tt), t G [0, 1] 

E{9) +thsm9\{yuj)\ < E{9) + (^E{7r - 9)^ t 
= {vr + {v^y-[E{7r-9)){l-t) 
<{{vr + {v.r){l-^-^sin^9) 

where we used 

sin' 9 

E{7i -9)> {{vf + {v.f) min{cos' 9/2 , sin' 9/2} > {{vf + {v,f)^— . 

Since 



/ (j ■ w)da; = 



it follows that 



(3.17) L,{v, V,, 9) < -1- {{E{9)Y + (i?(7r - 9)y - {vf^ - (t;,)'^) 

sm 9 



+2p{p - 1) ((^;)' + {v.)Y-' I til- ) dt . 



sm 9 ^ 
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We need to prove that for p > 3 and kp = [{p + 1) / 2] 

(3.18) -i- ({E{e)Y + {E{'n - e)r - {vf^ - {v^fA 

sm \ / 

k=i ^ ^ 

In fact using Lemma 13.11 we have 

{Ei9)y + (i?(vr - e)y 

k / 

^t.(l)\ m'cos^Om]" [{v.rsin\e/2)Y-' 



k=0 



+ [{v)'cos\e/2)Y-'' [{v,fsm\e/2)] 

k 

k=0 ^ ^ 

+ [{v)''sm\9/2)Y-' [{v,)^cos''{9/2)Y 

k=i ^ ^ 

+ + (cos2p(^^/2) + sin2p(^/2)) 

where we used the fact that p > 3 p — fcp > 1 so that 

cos2^-(^/2) sm''P-^\e/2), sm^\e/2) cos^^-^\e/2) < ^sin^^ 
for all /c G {1, 2, kp}. Since p > 3 implies 

coi?P{d/2) + sin2P(^/2) < cos^(^/2) + sin^(^/2) = 1 - ^ sin2(^) 
this gives fl3.18p . 

Note that <{vf{v^f. Then using Lemma 13.11 again and recalling kp — 1 = kp-2 
[{p — l)/2] we have 



< 

k=0 

This together with fl3.17l) - fl3.18p concludes the proof of (13.161) 
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Now using fl3.16p and the definitions of Lb [ A(/)] , A2 and Sp we obtain 

(3.19) Lb [A(-)2p] {v,v,) < -^{^{vY'p ^ {v,fp^\v - v^^' 

k=l ^ ^ 

k=0 ^ ^ 

Next by < 7 < 2 we liave 

(3.20) 1^; -v,\^> ^{vy - {v^y , \v - 1;,^ > ^iv.y - {vy . 

Tlius 

> {vf'divy - {v.y) + {v.y^div.y - {vy) 
= li^)'"^' + liv.f"^"' - {v^'iv^y - {v.y^ivy . 

Since 

(3.21) \v - v,\^ < 2{{vy + {v,y) 



it follows that 



= 2 ((t;)2'=+^(t;,)2{P-^) + (t;)2(P-^')+7(^^)2fc) 



And similarly 



V - 



< 2((t;)2(^-+i)(t;,)2(^'-i-^-) + (^;)2(f-l-fc)(^;,)2(^+l))((^)7 + (^^)7) 

= 2((t;)2('=+l)+^(t;,)2(P-l-^) + (t;)2(P-l"fc)+7(^^)2(fe+l)j 
^2(^(^)2(fc+l)(^^)2(p-l-/c)+7 + ^^^2(p-l-fc)+7^^^^2(/c+l)+7j ^ 

These together with f l3.19p yield the estimate fl3.12p . 
Part (II) For any p > 1 we have 

\v - v,y^LB[A{-yP]iv,v,) = 2 [ b{cos9){v'y^da - Ao({vyP + {v^y 
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where we used Holder's inequality. We have to prove that 

(3.22, (_i_£j.„.)=«.d.)"'%l((.„)^ 

To do this we denote A = pqi (> 1). Then using elementary inequalities 
l + f 1 — f 1 + f 1 — ^ 



and the formula (12. ip we compute (recall that N > 2) 
1 



JV-1 



where we used the well-known inequality 

sin'^ede < J — 
V 2n 

with n = 2[X\. This yields (1322]). 

From this and using Lemma 13.11 we obtain that for all p > 3 

fiA* 

k 

^ ^ E ( ? ) + {vf^'-^Hv^r) - (^0 - ^) {{vf' + (v.r^) 

Since p > {UA^JAqY'^' ^^iJf < ^o/2, it follows that 



Lb [A(-)2p] {v^v:) 

I — 1 \ / 



Therefore as shown in the above using fl3.20l) - (l3.21l) with 7 = 2 we obtain (13.151) . □ 

3.4. Moment estimates on the collision operator. We shall now deduce from the 
moment estimates on Lb in the previous Lemma 13.61 some moment estimates on the 
collision operator. 

Lemma 3.7. Let B{z,a) = \z\'^b{cose) , G i3+(M^) with ^ 0, s > + 2p, 

<-f <2, andp>3. 
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(I) Ifb{cos6) satisfies the assumption (HO), then 

(3.23) (g(/.,/i), {■f')<2'^+'A,\\MM,,-\A4MM,,^'y- 



(3.24) 



Furthermore z/ < 7 < 2, then 

mM\o 



where q = ap , = 2/7, 



9 



anc? i/ie constant < < 00 on/y depends on a. 

(II) 7/7 = 2 andb{cos6) satisfies (H3) which is rewritten as in (13.131) . and letpi,qi,ri 
be given in fl3.13p - fl3.14l) . then 

(3.26) (^('^'/^)'(-)^^) 



r(p)ll^llo 

< 48 a;^p'-^ (log p)Moz; + (12^;^-^' + ^)M2Z, - ^a 



^o^„ I, ^ ^ /I II II 7^+^ 



/or a//p> (l2A;yAo)^^\ t/;/iere 



(3.27) Zp = ^ ."^ , Z;= max Z^+iV^- 

r(p)||/i||o ^ fce{i,2,...,fcp} 

Proof of Lemma \3. 7[ By replacing with /i/||/i||o we can assume that ||/i||o = 1. 
Part (I) . By part (I) of Lemma 13.61 we have 

(3.28) {Q{^i,^^), (f^> = ]- [[ Lb [A{.f^] (^, i;.)d/x(^)d/x(^,) 

-^^^{ k ) (Il^ll2fc+7ll/^ll2{p-fe) + ||^||2fc||^||2{p-fc)+7) 
k=l ^ ^ 

+2p(p- 1)^25^5^ ^ ^ j (||/^||2(fc+l)+7ll/^ll2(p-l-A:) + ll/^l|2(fe+l)ll/^l|2(p-l-fc)+7) 
i,— n \ / 



fc=0 

A2 A2 



2 iir-||2pllA^ll7 ^ll/^l|2p+7 



Using Holder's inequality we have (for s > 2) 

(3.29) ll/i||r< ||/i||2^ll/i||r^, 2<r<s 

from which we obtain for all si, S2 > 2 satisfying si + S2 < 2p + 2 



2p — s^-\-2p — S2 + S2 — 4 

sillAtlUa < llAt|l2 Il/^ll2p''"' < ||/^||2||A^||2p 
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where we used ||/i||2 < ||/i||2p- Thus 



p-2 



t fc = l V / I^^Q 

A2 A2 

< 4^2 (2^ - 1 + Pip - 1)2^-1) ll/xlhll/^lbp + YWt'WMhp - ^M2p+, 

which proves fl3.23p for \\fi\\o = 1, where we used the inequahty (13. ip and 

2P + p{p - 1)2^-^ < 2^^-^ , p > 3 . 

Now suppose that < 7 < 2. This imphes a = 2/7 > 1. Recall definitions of Zq and 
Z* in fl3.25p . Then applying (13. 2p and (13. 4 p we compute for all k G {1, 2, kp} 

||/^||2fc+7ll/^l|2(p-fc) + ||/i||2fc||/i||2(p-fc)+7 

= \\l^\\l{ak+l)\\l^\\-ia{p-k) + ||At||7afc||/^|l7(a(p-fc)+l) 

= Zak+iZa{p-k)^{ak + l)r(a(p - fc)) + ZakZa{p^k)+i^{a'k)T{a{p -k) + l) 
< Z*r{ap + 1) (B{ak + l,a{p- k)) + B{ak, a{p - k) + 1)) 
= Z;T{q + l)B{ak,a{p-k)), 
and for all /c G {0, 1, /Cp — 1} 

||/^||2(fc+l)+7l|At||2(p-l-fc) + ||/i||2(fc+l)||^||2(p-l-fc)+7 

= Za(k+i)+iZa{p-k-i)^{a{k + 1) + l)r(a(p - 1 - fc)) 
+Za(k+i)Za{p-i-k)+i'^ia{k + l))r(a(p - 1 - /c) + 1) 
< Z;T{q + l)B(a(/e + 1), a(p - 1 - A;)) . 

This together with r(g + l)/r(g) = q and Lemma [3.31 gives from (I3.28P that 

k 

(3.30) {Qif^^l^U-y^) < ^.^^^ E ( ) B(aA;, a(p - k)) 



k=l 

kv-1 



+Z;2qpip-l)A2epY,(^k 

k=0 ^ 



(fc + l),a(p-l-A;)) 



A9||u|U„ A 



-^mmy ^2 ||/^||2p+7 

^ 2 4 r(g) 

^ 7* 4 , 7* 4 , ^zH^lb y ^2 ||/^||2p+7 
S Z,pA2Uaq + Z,pA2Uaq £p H ^ ^ — f(g)~ ' 

For the negative term we use Holder's inequality, ||/i||o = 1, and g = = ^ to get 

2p+7> Il/"ll2p'^ = 11/^117^' 
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and so 

(3.31) ^ > r(,)i {^y- = miz^i > fzr' 

where we have used the inequahty r(g)9 > g/4. Thus f l3.25p (with ||/i||o = 1) follows from 
Part (II). In this case we have 7 = 2, i.e. a = 1 so that q = p and hence fl3.3ip becomes 

Il/^ll2(p+i) . P^i+i 

By part (II) of Lemma l3.6l we have, as shown above, that (the special term ||/i||2fc||yu||2(p_fc+i) 
for A; = 1 in the sum should be treated separately) 

1 12^4* -^''^ / \ 

- f(p) ' ^/^^ V ^ / (Il^ll2(fc+l)||/i||2(p-fc) + ||/i||2fc||/i||2(p-fc+l)) 
, 1 . ^0 ll^l|2(p+l) 

+4i>)^°l'^l'^l'^"^^"T^X^ 

^( I ) (ll/^l|2(fc+l)||/^||2(p-fc) + ||/^||2fc||/^||2(p-fc+l)) 

1 12A* ( \ 

I^ll4ii/i||2(p-i) + ^ ■ ll/^lhii/iihp 

_^ A) ii^ll^ ll/^lhp ^0 ll^l|2(p+l) 



1 

r(p) 


12^;, 


kp 

E 

fc=2 


1 


i2a;, 


/ |) 


'r(p) 


pv 


V 1 



4 "^"^ r(p) 4 T{p) 
^ V ■ ( n Bl^,/' - ^) + (l2A>^-'' + -f) M2Z, - ^AoZ';' 

^ k=l ^ ^ 

< 48A;y-''(iogp)z; + (i2a;p^"^ + ^) M,z, - ^^^^^ 

where in the last inequality we used Lemma [3.31 This proves fl3.26p for ||/i||o = 1. □ 



3.5. An ODE comparison inequality. Finally we shall conclude this section by prov- 
ing an ODE comparison inequality which will be useful for proving moment production 
estimates. 



Lemma 3.8. Given any A > 0, B > 0,e > 0, we have: 



y it) = {1^7-^-^,) ' ^>o 
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(I) The function 

B{l-e 

is the unique positive C^-solution of the equation 

^Y{t) = AY{t)- BY{tf+' , t>0; y (0+) = oo . 

(II) Let u(t) be a non-negative function in (0, oo) with the properties that u is absolutely 
continuous on every bounded closed subinterval of (0, oo) and 

^u(t)^ l{u(t)>Y(t)} < {Au{t) - Bu{tY^^) l{u{t)>Y{t)} a.e. t E (0, oo) . 

Then u{t) < Y{t) for all t E (0, oo). 

Proof of Lemma \3.8l Part (I) is obvious. To prove part (II) we use the assumption on 
u and notice that the function x i— )■ Bx^~^^ — Ax is increasing in ((^4/5)^/^,00) and 
Y(t) > (A/BY^^. Then it follows from the assumption of the lemma that 

{■^^<t) - jY{t)y{uit)>Yit)} 

< (^BYitY+' - AYit) - Bu{tY^' + Au{t)^ lwt)>y(t)} < a.e. t E (0, oo). 
Thus by the absolute continuity of u we have for any t > t^, > 

{u{t) - Y{t)r 

= (n(t,) - F(t,))+ + ^ - ^Y{t)^ l{„(,)>yM}dr < (n(t.) - Y{t.))+ . 

From this we see it is enough to prove that for any t > there is E (0,t) such that 
u(t^) < Y(t^). Otherwise there were to > such that u{t) > Y(t) for all t E (0,to)- By 
assumption on u, this implies 

^u{t) < Au{t) - Bu{ty+' a.e. t E (0, to) • 

CJ.6 

On the other hand, from the lower bound Y(t) > (A/i?)^/"^ we see that the function 
t u~'^(t) is absolutely continuous on every closed subinterval of (0, to]. We then compute 
for a.e. t E (0, to) 

^(u-"(t)) > -eAu^%t)+eB 

and hence for any < r < to we have by the absolute continuity of t h-> M~^(t)e^'^* on 
[r, to] that 

f)( eAt _ ^eAT\ 

u-'{t)e'^' > u-'{T)e'^^ + ^ — -— ^ , Vt G [r, to] . 

Omitting the positive term M~^(r)e'^'^^ and letting r — )■ 0+ leads to 

f>(psAt _ 1 N 

u-%t)e^^'>^^ VtG(0,to] 
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i.e. 

which contradicts the assertion "^(t) > Y(t) for all t G (0,to)"- This prove the existence 
of t^, G (0, t) for alH > and therefore concludes the proof of the lemma. □ 

4. Construction of weak measure solutions: Proof of Theorem 11.31 
For notation convenience we denote 



/ ^dFt= [ ^{v)dFt{v), etc. 



And note that if Ft is a measure weak solution of Eq. f ll.ip . then for any ip G C|(M^) we 
have 



(4.1) 



/ ifdFt = [ ifdFt, + [ {Q{Fr, Fr),^)dr Vt > to > . 



Our proofs of the parts (a)-(b)-(c)-(d) of Theorem 11.31 are contained in the following 
three steps. 

Step 1. A priori estimates for measure weak solutions. We first prove part (b) 
and moreover we prove that the solution Ft in part (b) satisfies that for any s > and 
any G L^, nC^fffi^), 

(4.2) {Q{Ft,Ft), (p) is continuous in (0, oo) 
and 

(4.3) ^ [ ^dFt = {QiFt, Ft),^) Vt > . 

And these integrals are absolutely convergent for any t > 0. Then we prove that Ft 
satisfies the moment production estimates in parts (c) and (d) of Theorem 11.31 

Now let Ft satisfy the assumptions in part (b). Recall that Ft already conserves the 
mass as mentioned in Definition 11.11 Therefore the assumption ||-Fj||2 < ||-fo||2(Vt > 0) 
is equivalent to the energy inequality 

(4.4) [ \v\'^dFt{v) < [ \v\^dFo{v) Wt > 0. 

Since our test function space for defining measure weak solutions is only C^(M^), we 
need a truncation-mollification approximation. Let x ^ C^(M^) satisfy < x ^ 1 on 
and x{v) = 1 for |f | < 1, xi'^) = for \v\ > 2. Given any s > and any ip G L5^^nC^(M^), 
let V9„(f) := (p{v)x{v/n). It is easily seen that (pn G C^iM'^) C C^(M.^) and their Hessian 
matrices satisfy 



snp\H^M\<CM' 

n>l 



Thus by (11.111) we have for any si > s + 2 + 7 



-7, |2+7 
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as + \v^:\'^ — )■ oo, and by part (II) of Proposition 12 .H we deduce 

lim Lb [Aipn] {v, v,) = Lb [Aip] (v, v,) V {v, v,) e x . 

n— ^oo 

Thus by fl4.ip . the assumption f ll.23p and the dominated convergence theorem we obtain 

lim / (g(F,,F,),(^„)dr= / (Q(F,, F,), (^) dr Vt > to > 
'^^^ J to J to 

and thus gl]) holds for all ^ E U,>o ^-s ^ ^^(R^). 

Since ipj{v) = vj, j = 1,...,N, and ij{v) = belong to L% fl C2(]R^) and Aipj = 
Aijj = 0, it follows from (14.1 p that Ft conserves the momentum and energy in the open 
interval (0, oo). Therefore in order to prove the conservation of momentum and energy in 
the closed interval [0, oo), we only have to prove that 

(4.5) lim / VjdFtiv) = / VjdFo{v), lim / \v\'^dFt{v) = / \v\'^dFo{v) 
forj = l,2,...,iV. 

Let xi'v) be given above and let e > 0. Then v H- Vjx{£v),v h-> |tip;Y(eti) belong to 
C^(M^) C C|(]R^) so that, by definition of measure weak solutions, the functions 

t Vjx{ev)dFt{v) and 1 1-)- / |f 

are all continuous on [0, oo). Since 



\v 



VjX{£v)\ < |^^|l{|,;|>i/e} < e\v 



2 



and 

C := sup / \v \^dFt{v) < / \v\'^dFo[v) < oo, 

t>0 JrN Jj^N 



it follows that 

/ VjdFt{v)= / vjxi£v)dFt{v) + 0{e) Vt > 

where |0(e)| < Ce. Thus letting t 0"^ gives 

lim / VjdFt{v) = / Vjx{£v)dFo{v) + 0{e). 

Then letting £ ^ O"*" leads to the first equality in (14. 5 p for j = 1,2, . . . , N. Next using 
|t>P > |t>px(^'^^) ^-iid the inequality (14. 4p we have 

/ l^^l^clFo > lim / \v\^dFt > lim / \v\'^x{£v)dFt{v) = / \v\'^x{£v)dFo{v) 

which leads to the second equality in (14.51) by letting e — j- 0"*". 

Next let's prove (g^) and (gj]). Given any s > and if e L'^^ n ^^(M^). For any 
< (5 < T < oo, by denoting 



C5,T,s = sup < oo 

<5<i<T 



and using (II. lip we have 



ifdFt, - / ifdFt, 



< C^A2Cs,T,s\ti - tsl Vti,t2 e [5,T] . 
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So 

(4.6) t (-7- / (fdFt is continuous in t e (0, oo) . 

In order to prove fl4.2p . we need only to show that for any fixed t > and any sequence 
{tn} C [t/2, 3t/2] satisfying tn ^ t {n ^ oo) we have 

(4.7) hm (Q(Fi„,F,J,^) = (Q(F*,F,),^) . 

This is an apphcation of Proposition l2.2[ In fact by Proposition l2. ll we know that (f , f *) t— )■ 
Lb[^^p\{v,v^) is continuous on x M^, and as shown above 

\Lb [A^] {v,v.)\ ^ ^ ^^^ ((t;)- + (t;.)-)|i;-i;.p+^ ^ ^ 



for all 5i > s + 2 + 7 as |wp + — !■ oo. Since 

sup ||-^r||si < oo, 

t/2<r<3t/2 

it follows from Proposition 12.21 and the weak-star convergence F^^ (n ^ oo) (see 

dM])) that (gZD and therefore (g^]) hold true. 

The differential equation (14.31) follows from the continuity property (14.21) and from the 
equation (14.11) which has been proven to hold for all tp e L'^g fl C^(M^). 

Now for any s > 6, applying (14. 3 p to ^p{v) = (v)^, which belongs to L'^^ fl C^(]R^), and 
applying Lemma ET] with p = s/2 we have for any t > 



^^mWs = (Q(F„FO, m < r+'A,\\Foh\\FAU - \ 
Since, by using the inequality (I3.29p . 



|i^d|.+7> (ll^0||2)~^(||Ft||.)'+^ 



it follows that 



Thus using Lemma [3.81 we obtain 

iA2||Fo||o(||Fo||2)-^(l-exp(-^2-+M2||Fo||2t) 
Since s > 6 implies 2'^ > 8(s — 2), this gives 

^ 2^+M2||i^o||2 > 16A2||Fo||27=: /3 




s-2 
and hence 
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Applying this estimate to s = 6 we also obtain that for any 2 < s < 6 



lli^tll. < (l|i^0||2)^(||F*||6)'^ < (l|i^0||2)^(||F0||2: 



29 \ — 



s-2 
4 



4 „ s-2 



0112 29 — 







2 



0||2 



^0110 l-e-P\ 

Maximizing the two cases gives max{2''"'"^ , 2^} < 2*"*"^ for all s > 2 and thus 



-2 



(4.8) \\F,\\.<\\F,h[f^-^^y VOO, V.>2. 

The estimate (ll.24p now follows from ( 14. Sp since by using the inequality 

1 <fiaVi ' 



1 - e-^* - V PJ \ t 
we have 

Note that from (I4.8P and < 7 < 2 we also have 



IIP,, . Ili^ollo fWFoh r^' 



(4.9) ||f.||.<^^^.^__^J V(>0, V.>2 

which will be used below. 

Now we are going to prove the exponential moment production estimate f ll.26p . Let 
p, q be defined through the following relation (as used in Lemma 13. 7p 

2 

q = ap with a = — . 

7 

Also recall that Ft conserves the mass and energy, i.e. \\Ft\\o = ||-fo||o) ll-^tlh = ll-folh- We 
consider two cases: 

Case 1. < 7 < 2. In this case we have a > 1. By Lemma [3.71 we have for all t > and 
q > 3a (i.e. for all p > 3) 

dt'^'^ r(g)||Fo||o 

< {Caq'~^ + A2\\Fo\\oZ;{t) + ^A,\\FohZ,{t) - ^A,\\FohZ,{t)'+l , 

where 

J- WJll-rollo fcG{l,2,...,fcp} 

Using a = 2/7 > 1 and Lemma [3.41 we have 

Caq'-" + Caq^-^'Sp = o{l)q [q ^ 00) 
so that there is a positive integer uq, depending only on b{-) and 7, such that 

noS > 3a and Caq^'"" + Caq^~"'£p < 7^ V g > no(5, where 5 = a — 1 . 
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Since ^ 

q>no6 =^ -^2 II Foil 2 < 16^2 II Foil 27? = 

it follows that 

(4.10) < MM^z;{t)+(3qZ,it) - ^A2||Fo||oZ,(t)'+' Vg > rioS . 

Let 

iFollo' Vl-e-^* 



Then Yg satisfies the equation 

^Yg{t) = f3qY,{t) - ^{Y,{t)y^'. , t>0; 1^(0+) = oo . 
We now prove that 

(4.11) Zg{t)<Yg{t) Vt>0, Vg>l. 
To do this, it suffices to show that 

(4.12) Zg{t)<Yg{t) Vt>0, \/qe[l,n5], n = rio, rio + 1, «o + 2, . . . . 

First of all it is easily seen that f l4.12p holds for n = uq. In fact by definitions of Zg{t) and 
Yg{t) and using the inequality r(g) > 1/2 (Vg > 1) and (14.91) we have for all 1 < g < rioS 

II P II /IIP II 97'/+7 \ 1 

Suppose that (14.121) holds for an integer n > uq. Take any q G [n6 , {n + 1)6] . Then 
q > n6 > uqS and so (I4.10p holds for such q. Recall that ap = q. Since for all integer 
l<k<kp=[{p+ l)/2] there hold 

l<ak<ak + l< + I<n6, 

1 < a{p — k) < a{p — k) + l<q — 5<n5 
it follows from the inductive hypothesis that 

Zak+l{t)Za{p~k){t) < yak+l{t)ya{p-k){t) = ^g+l(^) ) 
Zak{t)Za{p^k)+lif) < Yak{t)ya{p-k)+lif) = Yg+i{t) . 

Therefore by definitions of Z*{t),Yg(t) we obtain 

Z;{t) < Vi W = Yg{t)'+-^ , Vt > , Vg e [n5, {n + 1)5] 
and hence by (I4.10p 

Az,(t) < PqZgit) + ^^gYgitr'. - ^^qZgitr'. Vt > 
for all q G [n6, {n + 1)5]. From this we obtain the following inequality: 

Zg{t)^ l{z,w>y,W} < (^PqZg{t) - ^Zg{tf^\^ l{z,(t)>y,W} Vt > 



dt 

where we used the obvious fact that 



^2 II Folio P_ 

32 ^ e' 
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Thus applying Lemma [3.81 we conclude Zq{t) < Yq(t) for alH > 0. This together with the 
inductive hypotheses implies that Zq{t) < Yg(t) for all t > and all g G [1 , (n + 1)5] . 
This proves (I4.12p and thus (14. lip holds true. 
Now let 

1 - e-^^ 

(4.13) «(t) = ___, t>o. 

Then by definitions of Zq{t), Yq{t) and Zq{t) < Yq{t) we have for alH > 
{<yimFth, ^ ^a{t)rzq{t) < {a{t)YYq{t) = 1, g = 1, 2, 



and thus 

/ e"W<^)^dF,(.) = ||Fo||o + f;^||F,||,, < 2||Fo||o. 

Case 2. 7 = 2. In this case we have a = 1 hence q = p- From part (II) of Lemma 13.71 
with pi, qi and 77 given in ( ]3.13p -( l3.14p . we have for all p > (12A*yAo)^'^^ (which is larger 
than 5) 

^Z,(t) < 48A;y-\iogp)\\Fohz;{t) 

where 



i2A;y-^ + ^ ] \\F,hz,{t) - ^^^pz,{tY^-. 



I-Tollo fee{l,2,...,A;p} 



Let us fix an integer rio > {l2Ap^/ AqY'^'^ such that 

A8A;y-^ logp < ^p , 12A;^pi-^ + ^ < 32A2P Vp > no 
Recalling /3 = 32y42||-Fo||2 for 7 = 2, this gives 



(4.14) Az,(t) < ^^pZ;[t) + PpZ,[t) - ^^pZ,[trt Wp>no. 
It will be clear that in the present case all p can be chosen integers. Let 



l-^ollo V-"- ~ ^ 

Then 1^ satisfies the equation 

^Yp{t) = /3pYp{t) - ^YpitY'-K t>0- y,(0+) = oo. 
We now prove that 

(4.15) Zp{t)<Yp{t) Vt>0, p= 1,2,3,... 

As shown in the Case 1 one sees that (14.151) holds for all integer 1 < p < Uq. Suppose that 
(14.151) holds true for some integer p — 1 > tt-q. Let us check the case p. By p — 1 > no > 5 
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we have kp + 1 < (p+l)/2 + l < p-1 and so Zk+i{t)Zp^k{t) < = (Ypii)?^^ 

hold for all k G {1, 2, hp}. So 

Z;it) = max Zk+i{t)Zp.k{t) < Yp{tf+^ 

kG{l,2,...,kp} 

hence from fl4.14p we obtain 

< ppZpit) + ^^pYpitr'^ - ^^pZpitr'. vt > 

which together with g"^"^^" > ^ implies the inequality 

Applying Lemma 1X51 we then conclude that Zp{t) < Yp{t) Wt > . This proves (I4.15p . 
As shown above we obtain with the function a{t) defined in (14.131) that 



[ e"W<''>'dFf(w) < 2||Fo||o Vt>0. 



This completes Step 1. 



Step 2. Construction of solutions for absolutely continuous measures. Suppose 
that Fo is absolutely continuous with respect to the Lebesgue measure, i.e. dFo(f) = 
fo{v)dv, and suppose that (moment bounds and finite entropy) 

0</oG n^^^^"^) 0< / foiv)\logfoiv)\dv<oo. 



In this case we prove that there exists {ft}t>o C f]^>QLj(M ) such that the measure 



defined by dFt{v) = ft{v)dv is a conservative measure weak solution of Eq. (11.11) associated 
with the initial datum Fq and Ft satisfies the moment production estimates (ll.24p and 
(IL26D. 

To do this we consider some bounded truncations i?„ of the kernel B: 

Bn{z, a) = min{|2;|'^, n} min{6(cos^), n} , n = 1, 2, . . . 

It is well known that for every n > 1 the Eq. (II. ip with the bounded kernel -B„ has a 
unique conservative solution /"(t') satisfying /q (f ) = fo{v) and /" e (^""^([O, oo); Lj(]R^))n 
L^J,[0, oo); Ll{R^)) for all s > 0, and 

(4.16) sup / ft^{v) (l + + I log /"(f) I) dv < oo . 

Let Qb„{-,-) (collision operator) and An^2 (angular momentum defined in (HO)) cor- 
respond to the kernel Bn, and define dF"(f) = /"(f)df. Then ||-F"||2 = ||-^(7ll2 = ll-^olh 
and from the proof of Lemmas I3.6tl3.7l we see that by omitting the negative term in the 
proofs of the two lemmas and noting that 2 < ^2 we have for all p > 3 

^iii^rii2p = <2'"^'^2iiFoii2iiFrii2.. 

Thus for all s > 6, letting p = s/2 and recalling = obtain 

supll/flUi < ||/o||Liexp(2^+%||Fo||2t) Vt >0. 



n>l 
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From this and the basic estimate (11. lip we get for any ip G (M^) and any T G (0, oo) 

ip{v)ti{v)dv - [ v{v)fi^^{v)dv < c^,T\ti-h\ vti,t2 e [o,r] . 

This together with ( I4.16P imphes for any ip G L°°(M^) and any T G (0, oo) 



(4.17) 



sup 

ti,t2£[0,T],\ti~t2\<5;n>l 



^ as 6^0^ 



Since fl4.16p imphes that for every t > 0, is L^-weakly relatively compact, it 

follows from diagonal argument and fl4.17p that there is a subsequence of {n} (independent 
of t), still denoted as {n}, and a nonnegative measurable function {t,v) i— )■ ft{v) on 
[0, oo) X satisfying ft G L\m^) (Vt > 0) such that for ah G L°°(M^) 



(4.18) 

And consequently 
and 



lim 

?i— >oo 



tPf^dv 



tpftdv Vt>0 



/iGplL^M^) Vt>0, 



s>0 



(4.19) sup||/i|Ui < II/oIIl^, sup ll/ilUi < oo VO<T<oo, Vs>0, 

i>0 0<t<T 

and for any s > and any G L°°(]R^) 

(4.20) 1 1— )■ / ipftdv is continuous on [0, oo) . 

Now we are going to show that ft (or equivalently the measure Ft defined by dFt{v) = 
ft{v)dv) is a conservative weak solution of Eq. f 1 1.11) with the kernel B. Given any G 
C2(M^), we have by ffTTT]) and 5„ < 



[Aip] {v,v,)\ 



1 2+7 



^0 (|t;|^ + -> oo) 



for s > 2 + 7. Moreover by Proposition 12.11 [A<y9](f , f^.), Lb[A.lp]{v,v^:) are all contin- 
uous on {v,v^) G X M^, and 

lim sup \Lb„[A(p]{v,v^) - Lb[A(p]{v,V:,)\ = VO<i?<oo. 

n^oo \v\ + \v,\<R 

It follows from (]4.18p and Proposition 12.21 that 

\Lb [Aip] {v,v^) \ ft{v)ft{v^)dvdv^ < 00 VO<r<oo, 



sup 

0<t<T JjRNy.^N 



{QBM^jn.^)^{QBiftJt),^) (n^oo) Vt>0. 
Again using Proposition 12.21 and ( ]4.20p we conclude that 

t ^ {Qsift, ft),'^) is continuous on [0, 00) . 
Finally using the dominated convergence theorem (in the t variable) we conclude that 



^ftdv 



ipfodv 



{QB{fr,fr),^)dT Vt>0 
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Thus ft is a weak solution of Eq. (11. ip . Let Ft be defined by dFt{v) = ft{v)dv. Then 
from \\Ft\\s = ll/tlUi, f l4.19p . and Step 1 we conclude that Ft is a conservative measure 
weak solution of Eq. (11. ip associated with the initial datum Fq and satisfies the moment 
production estimates ( ll.24p and (ll.26p . 



Step 3. The approximation argument and conclusion. Let Fq be the given measure 
in i3^(M^) with || -Folio 7^ 0. We shall prove the existence of a measure weak solution Ft 
that has all properties listed in the theorem. 

First if Fq = 06^=^^^ (c > 0) is a Dirac mass, then it is easily checked that the measure 
Ft = c6v=vo is a measure weak solution of Eq. Ol.ll) and apparently it conserves the mass, 
momentum and energy and has finite moments of all orders. By Step 1 we conclude that 
Ft satisfies the moment production estimates (ll.24p - (ll.26|] . 

Suppose Fq is not a Dirac mass. We shall use Mehler transform: Let 



(4.21) 



P 



Vq = - 



vdF.iv) 



T 



— I \v-vo\'dFo{v) 



P Jrn 

Then T > so that the Maxwellian used in the Mehler transform can be defined: 

e-klV2T 



(4.22) 



M{v) 



(27rT)^/2 

The Mehler transform of Fq is defined by 



(4.23) /o"(tO = e^" 



" [ M (e''(v-VQ - VT^ 



e {v^ - vq] 



dFoiv,) 



It is well known that 



\fS{v)dv 



and for all e L^^^ C(M^) 

lim / ip{v)fQ{v)dv 
For every n, choose Kn > n such that 




dFQ{v) 



^P{v)dFQ{v) 



(4.24) 
Then let 



f^{v) - min{/o"(t;), K^}e'^ {v)'dv < 



olio 



f^{v) = min{/o"(t;), K^}e 



-\v\Vn 



2n 

dF^iv) = f^{v)dv. 



lim 



We need to prove that 
(4.25) 

Indeed we have 

ifjdF^ 



i)dF^ 



t,N\ 



< 



ijf^dv 



n>l. 



Wq 
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The second term converges to zero (n — )■ oo). The first term also goes to zero: By (14.241) 
we have 



i^ifo-fo)dv <c {vy\f^-mv< 



c 

2^ 



Since for every n, Jq satisfies the condition in the Step 2, there is a conservative measure 
weak solution of Eq. fll.ip with the kernel B and the initial data F^, such that F^ 
satisfies the moment estimates 

< /C,(Fo")(l + Vt>0, Vs>2. 

Here recall that /Cs(-) is defined in fll.25p . By the convergence (I4.25P we have 

lim /C,(Fo") = /C,(Fo) Vs>2. 

n— >-oo 

Thus for any s >2, C* := sup )Cs{Fq) < oo and hence 

n>l 



(4.26) 



sup\\Fn\s<c:{i + i/ty 



Vt>0, Vs>2, 



n>l 



Next we prove the equi-continuity of in t G [0, oo) (in particular in the neigh- 

borhood of t = 0). It is only in this part that the logarithm | log(sin^)| comes into play. 
Let 

^^^^ 1 + |log(sin^)| ' 



< ^ < TT. 



By ffTTTll and < -fX{e) < 7 < 2 we have for any <^ e Cl{M.^) 



I 



2(n) 



<a 



2—,\(0) 
2 



where here and below C^p only depends on ip and A^. Then by using 

and (sin6')-T'^(^) = e^^^^^^^^^ < and recalling (^M) we obtain 

\Lb [A^] {v,v,)\ < C^^"6(cos^)sin^^ ((t;)^+2-7AW ^ (^^)7+2-7AW ^ 

So for alH > (using Fubini's theorem and (I4.26P ) 



(4.27) 



\Lb [A^] {v,v,)\dFl'{v)dF,^{v,) 



< CjFoWo I 6(cos^)sin^^||F,"||^+2 



-7A(e) 



d^ 



<C^,Fo I Kcos^)sin^^ ( ^ + i 



i-A(e) 



d^. 
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Thus for all ti,t2 ^ [0, oo) we compute (assuming ti < 
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(4.28) 



t2 



\Lb [A^] {v,v,)\dF^{v)dF^{v,) 



Since 



/•TT 

< C^,Fo / ^(cos e) sin^ ^ (1 + t2 - ti; 
Jo 

= C^,Fo [ b{cos 6) sin^ ^ (1 + | log(sin ^)|) (1 + ^2 - ti)'"^^'^ {h - hf^'^AO 
Jo 

\{Q{F,\Fn,v)\< II \LB[/^V^]{v,v:)\dFl\v)dFl\v:), 



it follows that 



sup 

n>l 



< sup 

n>l 



t2 



\{Q{F-,Fn,^)\dt 



< c^,FM\h - hi) ^ 

as |ti — ^2! — 0. We then deduce for any ip G Cc(M^) that 



(4.29) A^{6) := sup 

\ti-t2\<S; n>l 



^dFI^2 



^0 as (5 ^ 0^ 



Since Cc(M ) is separated, it follows from a diagonal argument that there is a subsequence 
of {n} (independent of t), still denoted by {n}, and a family {Ft}t>o C B. 
that 



such 



(4.30) 



lim 

n— >oo 



iPdFt Vt>0, V7/'GCc(M^). 

Using fl4.26p and the fact that are conservative solutions we have 

(4.31) ||Fi||2< IIF0II2, llFill, <C;(l + l/t)'^ Vt>0, Vs>2 

Also by f iOO]) and (ICTj) we have 



Hence 
(4.32) 



i/jdFt, - / ^dFt, <A4\h-t2\). 



t (-)■ / ^/'dFj is continuous on [0, 00) y^pECc 



We now prove that Ft is a measure weak solution of Eq. fll.ip . Given any ip E C\ 
by fl4.3ip we see that the derivation of (14.270 holds also for Ft and so 



\LB[^^]{v,v:)\dFt{v)dFt{v,) <oo Vt>0. 



Next by Proposition 12.11 the function (f,f*) ^ LB[A(/)](t>, f^,) is continuous on 
and 

(4.33) '^fl^^J^?^' < C,A2 



^0 (|t;p + ^ cx)) 
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for all s > 2 + 7. Thus by using (gUnD-gSOD-dlJl, Propositions O and |M] we have 

(4.34) {Q{Fl',Fn,f)^{Q{Ft,Ft),^) (n 00) Vt>0. 
Similarly by using f l4.3ip - p.32p . Propositions 12.11 and 12.21 we conclude that 

(4.35) t {Q{Ft, Ft),(p) is continuous in (0, 00) . 

Note that the derivation of (14.281) also holds for Ft and hence we have for all T G (0, 00) 

(4.36) / dr [[ \LB[A^]{v,v,)\dFt{v)dFt{v,)<C^,p^n{T)<oo. 
Thus 

t ^ {Q{Ft, Ft), ^) belongs to C((0, 00)) n ^^([0, 00)) . 

And it also follows from fl4.28p -( H:.34p and the dominated convergence theorem that for 
alH > we have 

' (g(F;, F;), (p) dr ^ T (Q(F., F^), dr (n ^ 00) . 



Thus in the integral equation of measures solutions F/^, letting n — > 00 gives 
ifdFt= [ <^dFo+ / {Q{Fr,Fr),v)dT Vt>0. 



We have proved that Ft satisfies the conditions (i)-(ii) in the Definition 1.1 of measure 
weak solutions. So Ft is a measure weak solution of Eq. (II. ip associated with the initial 
datum Fq. Finally from the moment estimates in (I4.3ip and Step 1 we conclude that the 
solution Ft conserves mass, momentum and energy, and satisfies the moment production 
estimates (ll.24p - (ll.26p . This completes the proof of Theorem 11.31 

5. Uniqueness and stability for angular cutoff: Proof of Theorem 11.51 

This section is devoted to the proof of Theorem 11.51 We shall first prove some lemmas 
on how the sign decomposition of measures behaves with time integration and with the 
action of the collision operator. 

5.1. Sign decomposition of measures. As usual we denote 

S(M^) = So(K'^), 11^11 = ||/x||o = |/i|(M^). 

For any fi G B{R'^), let /i"*", /i~ be the positive and negative parts of /i, i.e. /i^ = |(|yu|±/i). 
Let h : — )■ M be the Borel function satisfying \h{v)\ = 1 such that d/i = /id|/i|. We 
may call h the sign function of Then dfi~^ = |(1 + h)dfi. So for any /i, G ;B(M^), we 
have 

(5.1) |yU — Z/| = U — fl + 2(yU — z/)"*" . 

Let us now prove that this sign decomposition behaves well with the time integration. 

Lemma 5.1 (Sign decomposition and time integration). Let fj,t G C([a, 00); i3(M^)), Ua G 
B(R^), and 

i^t = i^a+ / /isds , t> a, 

J a 

and let v h-> ht{v) he the sign function of the measure Vt and let = (1 + /i()/2 so that 
dvf = Ktdvt. 
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Then for any bounded Borel function ip on M^, the functions 

t (-7- / ^dfit, t ^d|/if| and t V^d/i^ 

Jrn J^n Jirjv 

all belong to Ll^^{[a, oo)) and for any t G [a, oo) we have 

(5.2) / ijdut = [ tpdua + [ ds [ ijdi^s , 



(5.3) / iljd\iyt\= / i/jd\ua\+ ds iphsdju^s , 

(5.4) [ ijjdvt = I ^di/+ + [ ds [ ^Ksdfis . 

Proof of Lemma \5. 1[ Since the half-sum of (15.21) and (15. 3p is equal to (15.41) . we only have 
to prove (15. 2p and (15. Sp . The proof of (15. 2p is easy and similar to that of (15. 3p . By simple 
function approximation, the proof of ( 15.30 can be reduced to the proof of that for any 
Borel set E C M^, t htdfit belongs to Ll^^{[a, oo)) (and so does t J^m tphtdfit for 
any bounded Borel function ip on M^) and 

(5.5) \ut\{E) = \ua\{E) + f ds f hsdiis , tG[a,cx)). 

J a J E 

By assumption on /i^, the strong derivative ^z/^ = /i^ exists, and 

I't2 

— Z/t2 II < / Va<ti<t2<oo. 
Jtl 

This implies that for any Borel set E C M^, t ^ \vt\{E) is Lipschitz on every bounded 
interval [a, T] C [a, oo): For all a < ti < ^2 ^ ^ 

\\vt,\{E)-\vt,\{E)\<\vt,-Vt,\{E)< f WfisWds <CT\ti-t2\ 

and so t (— )■ It'tl(ii^) is differentiable for almost every t G [a, oo) and satisfies 

\ut\{E) = \ua\iE) + ^Jiys\{E)ds VtG[a,oo). 

Therefore in order to prove (15.51) we only have to show that for every Borel set E C 

(5.6) —\ut\{E) = J htdju^t, a.e. t G [a, oo) 

which also implies that t hfdfit belongs to Ll^^{[a, oo)). 
For any t, s G [a, oo), using 



\us\{E) = [ d\us\ > I htdvs 

JE J E 



we have 



(5.7) \vs\{E)-\vt\{E)> [ h,d{u,-ut). 

JE 
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Now take any t G (a, oo) such that the derivative ^\iyt\{E) exists. By (15 .Tp we have 

, > t ^ 1..1(g) - 1..1(g) ^ 

s-t Je \ s-t 



s — t Je \ s — t 

Since (z/^ — Vt)/{,s — t)^^t{s^ t) in norm || ■ ||, it follows that 

at s~^t s — t Je 

This proves (15. 6p and completes the proof. □ 

Let us now prove that the sign decomposition on differences of product measures pre- 
serves the invariance by exchanging v and v^. 



Lemma 5.2 (Sign decomposition and exchange of particles). For any fi,u E B 
(s > 0) and any locally bounded Borel function tfj e L'^giM.^ x M.^) we have 



t,N\ 



(5.8) // il){v,v^)d{^® 11 - V ® u) = II ip{v^,v)d{ij.0 jj. - ly ly) 



(5.9) // ilj{v,v^)d\fj,^ fi - u ® iy\ = // ip{v^,v)d\fi'S) - u ^ iy\ 



(5.10) // ilj{v,v^)d{fi^fi-u^u)+= ip{v^,v)d{fi^n-u^u)+. 

JjRNy^^N JJrN^^^N 

Proof of Lemma \5.S[ Equality (15.81) easily follows from Fubini's theorem. Equality (I5.10p 
follows from (15. 9p and the relation 

d(/i ® li — u ® u)^ = ^ (^d\fi ® fi — u ^ ul + d{fi ® 11 — u ® u)^ . 

So we only have to prove (15. 9p . To do this we split if) as ip = — {—'ip)'^ so that we can 
assume that ip > 0. Let h{v, v^) be the sign function of the measure ^® ^ — v ® v. Then 
applying (15. 8p to ip{v,v^)h{y,v^) we have 

ip{v, v^)d\ii — z/(g)z/|= // iIj{v, v^.)h{v, t;*)d(/i ® ii — u ® u) 



ilj{v^,v)h{v^,v)d{ii® 11 — u ® u) < jj ?/;(f*, f )d|/i ® yu — z/ (g) z/ 

xR^ JJr^xR^ 

Replacing ijjiy^v*) with %l){v^,v) we also obtain the reversed inequality. This proves (15. 9p . 



□ 



Finally let us prove a signed estimate on the collision operator. 

Lemma 5.3. Let B(z,a) be given by (ll.4p - (ll.5p - (IL6l) with b{-) satisfying (H4). Let 
fi e i3j,_^(M^) , u G i3^(]R^), and let h{y) be the sign function of fi — u and let k, = + 
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SO that K,d{fi — u) = d(/i — z/)+. Then for any ip G Cfe(]R^) satisfying < (f{v) < (v)"^ we 
have 



(5.11) / ip{v)K{v)d{Q{fi,fi)-Q{iy,iy)){v) 

Jrn 

where 



Proof of Lemma \5.3[ Since (p is bounded, there is no problem of integrability in the fol- 
lowing derivation. For instance we can write 



(5.12) / if{v)^{v)d(Q{fi,fi)-Q{u,u)){v) =1^+^-1^-^ 

where 

/^"^^ = // LB[(pK]{v,v^)d{iJ,® jJ,- u (^u), 
/*■"''= // A{v — v^)(p{v)K{v)d{n ^ n — u ^ u). 



By definition of B{v — v^,, a) and (p{v)K,{v) < (f )^ we have 

Lb['^h]{v,v^) + Lb['^h]{v*,v) 



N-l 



Then using d(/i ® ii — u ® u) < d(/i ® — v ® v)^ and Lemma 15.21 we compute 



Since A{v-v^) < Ao2'^ (v)"/ {v^)"/ , {v)'^ - ip{v) > 0, and (/lO/i - z/® z/)+ < ® /i, it follows 
that 



A{v - v^){{v)'^ - Lp{v))d{fi (g) /i - z/ (g) z/)+ 
JJrnxr^ 

= Ao2^M, f {vy{{vf - ^{v))d^,{v) = E, 



Therefore using 

d(/i (8 /i - z/ (g) z/)+(f , v^) < d/i(f )d(/x - vY{v^) + d(/i - z/) + (t;)dz/(f^) 
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we have 

(5.13) < + II A{v-v,)ip{v)dfx{v)d{fx-uy{v,) 



Similarly using d{fi ® n — u ® u){v,v^) = d/i(t>)d(/i — + d(/i — z/)(t')di/(t'*) and 

K{v)d{fi — i^){v) = d(/i — i')'^{v) we have 

(5.14) J(-) = // A{v -v,)^{v)K{v)dfi{v)d{fi-u){v,) 

JjR^xR^ 



A{v - v^)(p{v)d{fj, - iy)^{v)diy{v^). 

xR^ 

Canceling the common term in fl5.13p and fl5.14p and noticing that 

d(/i — < d(/i — i^){v^) + d|/i — z/|(f*) 

we obtain from (1512|) . (ISlTSj) . (15714]) that 

(5.15) [ ^{v)K{v)d{Q{fi,i2)-Q{u,u)) 



<E^+ // A{v - v^)(p{v)di^{v)d\iJ. - u\{v^) . 
Since v4(t; - v^)ip{v) < Ao2"'/^{{vy + (i;,)T)(t;)2, it follows that 

A{v - v^)Lp{v)dn{v)d\n - v\{v^) < Aq2^/'^{\\^\\2+^\\^ - v\\q + \\^\\2\\^^ - 

xR^ 

which together with fl5.15p proves (15. lip . □ 

5.2. Proof of Theorem 11.51 We shall consider each part step by step. 

Proof of part (a). Recall that B{z,a) = |z|'^6(cos 6^) satisfies Aq < oo and < 7 < 2. Let 
Ft be a conservative measure weak solution of Eq. (II. ip with Ft\t=o = Fq E i3j(]R^). We 
prove that Ft is a measure strong solution. 

First of all by ||-Ft||o; Il-^t|l7 ^ ll-^olb and Proposition 12.31 we have 

\\Q^{Ft,Ft)\\o<^Ao\\Fo\\l Vt>0, 

{QiFt,Ft),if)= f fdQ{Ft,Ft) Vv9GQ2(M^), Vt > 0. 
Jrn 



Since 



t ^ [ ipdQ{Ft, Ft) = {Q{Ft, Ft), if) belongs to C((0, 00)) n Ll,i[0, 00)) 



there is no problem of integrability and the integral equation for a measure weak solutions 
becomes 

(5.16) / ipdFt= [ ipdFo+ [ ds [ ipdQ{F,,F,). 
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Now take any (p G C^(M^) satisfying Hv^Hloo < 1. We have 

/ (^dQ(Fi,FO < ||Q(Fi,Fi)||o<8Ao||Fo||2, Vt>0. 
and thus using fl5.16p . for all < ti < ^2 < oo 
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< 



t2 



ds < 8Ao\\Fo\\l\ti - t2\ . 



Applying (11.191) this gives 

(5.17) \\Ft, - Ft,\\o < 8Ao\\Fo\\l\t, - hi , Vti, ^2 G [0, oo) 
which enables us to prove the strong continuity: 

(5.18) t^F^e C([0, oo); S2(M^)), t ^ Q^{Ft, F^) e C([0, oo)- So(M^)) ■ 

In fact applying the inequality (I2.19P in Proposition 12. 31 with s = (recall that < 7 < 2) 
we have 

(5.19) \\Q^{Ft,F,)-Q^{Ft,,Ft,)\\o < 8Ao\\Foh\\Ft - F.J^, t,to > 0. 

Fix to £ [0,00). Using (15. ip . the conservation of mass and energy, d(F(g — Ft)~^ < dF^g, 
and (I5.17P we have for any R> 1 

2 / {vfd{F,,-F,y{v) 



Wt-Ft 



to II 2 



< 



I d{F,,-F,y{v) + 2 [ {vfdFM 

J{v)<R J{v)>R 



< 2^AoR^\t-to\+2 / {v^dFt^iv). 

J{v)>R 

Thus first letting t ^ and then letting i? — )■ 00 leads to limsup \\Ft — Ft^\\2 = . This 

together with (I5.19P proves (15.180 . 

From the strong continuity in (I5.18P we have for all ip G C^(M^) 

[ ds [ ipdQ{Fs,Fs)= [ ipd( [ QiFs,Fs)ds 
Jo Jm Jm \Jo 

which together with (I5.16P yields 

ipd {^j^ Q{Fs,Fs)ds^ 



ipdFt = / v^dFo - 
Jm 

Therefore applying ( 11.190 we obtain 

Ft = Fo+ [ Q{F,,F,)ds, t>0. 
Jo 

Since t ^ Q^{Ft,Ft) E C([0, cx)); -Bo(M^)), it follows that t ^ Ft E C^{[0, 00); Bo{R^)) 
and 

^^Ft = Q{Ft,Ft), t>0. 

So Ff is a measure strong solution. 

The converse is obvious because of (ll.2ip and (12.180 with s = 0: Every measure strong 
solution is a measure weak solution. 
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Proof of parts (h)-(c)-(d). The proof of these three parts can be reduced to the proof of 
the following lemma: 

Lemma 5.4. Let Fq e B^iM.^) with \\Fq\\q ^ and let Ft he a conservative measure 
strong solution of Eq. (11. ip with the initial datum Fq and satisfy the moment production 
estimate f ll.24p - fll.25p in Theorem M.iA Let Gt be any measure strong solution of Eq. f ll.ip 

on the time interval [t, oo) with initial data 

for some t > 0, and satisfying \\Gt\\2 < llCrlh for all t G [r, oo). 

Then the stability estimates fll.27p (for r = and (11.280 (for t > Q) hold true. 

Note that the existence of such a solution Ft as in the statement has been proven by 
Theorem 11.31 and part (a) of the present theorem. Therefore if Lemma 15.41 holds true, 
then by taking Go = -^o (for the case r = 0) we get Gt = Ft on [0, oo) and hence this 
proves parts (b), (c) and (d). 

Proof of Lemma \5.4\ Our proof is divided into several steps. First of all for notation 
convenience we denote 

Ht = Ft — Gf 

Step 1. Given any < r G [r, oo). We prove that 
(5.20) ||i/t||2< ||G',||2-||i^.||2 + 2||(i/,)+||2 



-4Ao (^/C2+^(Fo)^ (l + l/s)||^r,||ods + ||Fo||2^ 11^.117^^ 



t> r . 



Here /C2+7(-Fo) is the constant in fll.25p with 5 = 2 + 7. To prove fl5.20p . we consider 
approximation: By d|i7t| = dGt — dF^ + 2d{Ht)^ we have 

\\Hth = \\Gth - \\Hth + 2 lim ! {v)ld{Ht)^ with {v)l = YmYi{{v)\ n}. 

Let V ^ ht{v) be the sign function of Ht and Kt{v) = ^{l + ht{v)) so that KtdHt = d{Ht)~^. 
Then applying Lemma 15.11 to the measure 

Ht = Hr+ f {Q{Fs,Fs)-Q{Gs,Gs))ds for t>r 

J r 

and then using Lemma 15.31 we have 

/ {v)ld{Hty=j {v)ld{H^y + f ds j {v)l^,iv)d(QiF,,F,)-QiGs,G,)) 

< ||(iJ,)^ll2 + ^n(t) + 2Ao(^ ||F,||2+-,||i/.||ods + ||Fo||2^ ll^sl^ds), te [r,oo) 
where 

i?„(t) = 4Ao I' IIF.II, (£^((^)' - {v)l){vydF,^ ds. 
Since, by moment estimate f ll.24p . 

f \\Fs\U ( I {v)^^^dFs{v)\ ds < IIF0II2 / \\Fs\\2+,ds < 00 , t G [r, 00) , 

Jr VJR^ / Jr 
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it follows from dominated convergence that lim En,{t) = and thus 

imu < \\Gt\\2-\\Fth + 2\\{Hry\\2 

+ 4Ao(^ ||F,||2+-,||i/.||ods + ||Fo||2^ WHshdsy VtG[r,oo). 

By assumption on Ft and Gt we have || 6*4112 - WFth < WGrh - ll-^rlh and ||-Fs||2+7 < 
/C2+7(Fo)(l + 1/s). This proves (15:201) . 

Step 2. Suppose r > 0. Then taking r = r in f l5.20p and using HGrlh — ||-^t||2 + 
2||(if^)+||2 = WHrh we obtain 

\\Ht\\2 < WHrh + Cr j WHshds Vte[r,oo) 

with Cr = 4Ao(/C2+T,(Fo) + ||Fo||2)(l + 7). This gives ^L28\f by Gronwall's Lemma. 
The remaining steps deal with the case r = and prove (11.271) . 

Step 3. If WHoh > 1, then using \\Ft\\2 = WFoh, WGth < WGoh we have 

||i^t||2<(l + 2||Fo||2)||i/o||2 VtG[0,oo). 
So in the following we assume that ||-ffo||2 < 1 • Note that in this case we have 
(5.21) ||F4±GJ2< l + 2||Fo||2=:Co Vt>0. 

Using Proposition 12.31 we have 

\\Ht\\o < \\Ho\\o+ f\\Q{Fs,F,)-Q{Gs,GMods 



< \\Ho\\o + ^Aoj^ [\\F, + GsUHs\\o + \\F, + GMHsh)ds 
and thus by < 7 < 2 and (I5.2ip we obtain 

(5.22) ||i/t||o < ||i^o||o + 8AoCo / WHshds , Vt > 0. 

Jo 

Step 4. Let r > satisfy ||i/o||2 ^ r < 1. We prove that 

(5.23) U{r) := sup \\Hth < 4(1 + 9AoG^)^Fo{r) • 

0<t<r 

First of all using (JO) and WGth - WFth < IIG0II2 - Hi^olh < r we have 

(5.24) WHth = \\GtW2 - WFth + niHtVh < r + 2||(iJi)^ll2 
and for any R> 1 

(5.25) 2||(i/i) + ||2<4i?2||/J,||o + 2 / (vfdFtiv). 

J\v\>R 

Next by H-f^olb < ^ and (I5.22p we have 

(5.26) 4R^WHtWo<4:{l + 8AoG^)R^r Vte[0,r]. 
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Using the conservation of mass and energy we compute 



{vydFtiv) = / {vYdFtiv) - / {vydFtiv) 

v\>R JM^ Ai'\<R 



v^dFoiv)- I {vydFoiv)- I ds I {vydQ{Fs,Fs 

v\<R Jo J\v\<R 

t 

2. 



< / {vi'dFoiv) + [ ds f {v)MQ~{Fs,Fs). 

J\v\>R Jo J\v\<R 

For the last term we use \v — w*!"^ < (f < {^^{v^y to get for all t G [0,r] 

f ds [ {vydQ-{F,,F,) < 2R' f ds [ dQ-{F,,F,) < 2Ao\\F4lR' r 

Jo J\v\<R Jo Jr!^ 



'\v\<R 

Thus 

(5.27) / {vfdFtiv) < [ {vfdFoiv) + 2^ ||Fo||^i?V Vt G [0,r] . 

J\v\>R J\v\>R 

Combining ( 15:251) -( ICTD - ( 15:271) gives 

(5.28) 2\\{Ht)+ h<^l + 9 AoC^) R^r + A [ \v\^dFo{v) , te[0,r]. 

J\v\>R 

Now choose R = r~^/^ . Then from ( 15.24^ . ( 15.28^ we obtain 

\\Ht\\2<r + 4(1 + 9AoCo')ri/3 ^ 4 /" \v\^dFo{v) , t G [0, r] . 

J\v\>r-^/'i 

This gives (15:231) by definition of ^Fo(r) in (11:221) . 

Step 5. In the following we denote Ci = 7li{'j, Aq, A2, H-^ollo, ll-folb) for (z = 1, 2, . . . , 
where 7li{xi,X2, ■ ■ ■ ,3:5) are some explicit positive continuous functions in (M>o)^- 
In (I5.20p setting r = 0, r = 1 we have 

lli^tlh < ||i^o||2 + 2||i/i||2 + Ci^ \\H,hds, t>l 
so that Gronwall's Lemma applies to get 

(5.29) \m\2 < {\\Ho\\2 + 2\\H,h) exp(Ci(t - 1)) , t > 1 . 

Now we concentrate our estimate for t E [0, 1] . In what follows we assume r satisfy 

(5.30) r>0, lli^olh < r < 1. 

Using (15:201) (with r = 0), IIG0II2 - lli^olh < ll^^olh < r, and \\Hr\\2 < U{r) we have 

WHth < r + 2f/(r) + C2 [j^ \\,H,\\^ds + ^ \\B,\\^d^ , t G [r, 1] . 
Further, using ( 15.221) we compute for all t G [r, 1] 

[ -\\Hs\\ods < rlog(t/r) + 8A0C0 / - / ||//r||2drds 

Jr "5 J J- ^ Jo 

< r\\ogr\+8AoCo [ ||//^||2| logr|dr . 
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Thus for all t G [r, 1] 

(5.31) ||i/j2<r + 2f/(r) + C2r|logr|+C3 / ||i/j2(l + I log s|)ds . 

Jo 

Since ||-fft||2 < U{r) for all t G [0, r], the inequality f l5.3ip holds for all t G [0, 1]. Therefore 
by Gronwall's Lemma we conclude 

(5.32) ||i^t||2<C'4(r + ?7(r)+r|logr|) Vt G [0, 1] . 

In particular taking t = 1 yields the estimate for ||i^i||2 and thus from fl5.29p - fl5.30p we 
obtain 

(5.33) ||i7t||2 <C5(r + f/(r) + r|logr|)exp(Ci(t-l)), VtG[l,cx)). 
Combining f l5.32p -f l5.33p and the inequality r| logr| < r^/^ we conclude 

(5.34) ||iJt||2 < ^Fo(r)exp(C6(l + t)) Vt>0. 

Finally if \\Ho\\2 = 0, then in fOI]) letting r -> 0+ leads to \\Ht\\2 = 0; if \\Ho\\2 > 0, we 
take r = ||iiro||2. This proves fll.27p and completes the proof of the lemma. □ 



Proof of part (e). Let dFo{v) = fo{v)dv with < /o G Ll(R^), and let Ft be the unique 
conservative measure strong solution of Eq. flLip with the initial datum Fq. By the 
Lebesgue- Radon- Nikodym theorem, for every t > we have a decomposition dFt{v) = 
ft{v)dv + dfit{v) where < G L2(ffi^), /it G i3j(]R^) and fit concentrates on a Lebesgue 
null set. By the uniqueness of Ft we can assume that ||/o||li 7^ 0. Let 

f^{v) = minifoiv), n}e-l^l'/" , and dF^{v) = f^{v)dv . 

By Step 2 of the proof of Theorem II. 3[ for every n there is a conservative measure weak 
solution Fl" with the initial datum F^ and dF/^(^;) = /"(i;)dw, < //^ G Ll(R^) for all t > 
0. By part (a), F" is also a measure strong solution. Since d(Fj — F") = {ft — /")dt> + d/ij 
we have \\Ft - F,^^ = \\ft - f^hl + hth- Since 

\\Fo-Fq\\2 = ||/o-/o1Ili 

< / f,{v){vfdv+ ! /o(^)(l-e-l^'l'/")(^)2di;^0 (n ^ oo) 

Jfo{v)>n Jm.^ 

it follows from the stability estimate that for every fixed t > we have 

lift - frhl + = \\Ft- Fn\2 < e^(i+*)vl/^,(||Fo - Fo"||2) — 

and therefore fit = 0. Thus dFt{v) = ft{v)dv for all t > and hence ft is the unique 
conservative mild solution of Eq. flLip associated with the initial datum /q. This proves 
part (e). 



50 



XUGUANG LU AND CLEMENT MOUHOT 



Proof of part (f). Suppose Fq G i3"''(M^) is not a Dirac mass. We can assume that 
llFollo ^ 0. Let f^{v) be defined by (lA|) - fl4:23|) (the Mehler transform of Fq). By 
part (e), for every n > 1 there exists a unique conservative L^-solution /" of Eq. fll.ip 
associated with the initial datum /"|t=o = /o- If we define Fq,F^ by dF^(f) = fQ{v)dv 
and dF"(f) = f^{v)dv, then by uniqueness and Theorem 1 1.3 1 we see that satisfies the 
moment production estimates. Thus it is easily checked that the Step 3 (where there is 
no need of introducing f^ for the present case) in the proof of Theorem 1 1.3 1 is totally valid 
here. Therefore there is a subsequence, which we still denote as such that for 

the unique measure solution Ft of Eq. fll.ip with -Fj|j=o = -^O) the weak convergence fll.30p 
holds true. This completes the proof of Theorem 11.51 
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